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Preface

This volume contains the papers presented at the 7th International Conference
on Independent Component Analysis (ICA) and Source Separation held in Lon-
don, 9-12 September 2007, at Queen Mary, University of London.

Independent Component Analysis and Signal Separation is one of the most
exciting current areas of research in statistical signal processing and unsuper-
vised machine learning. The area has received attention from several research
communities including machine learning, neural networks, statistical signal pro-
cessing and Bayesian modeling. Independent Component Analysis and Signal
Separation has applications at the intersection of many science and engineering
disciplines concerned with understanding and extracting useful information from
data as diverse as neuronal activity and brain images, bioinformatics, commu-
nications, the World Wide Web, audio, video, sensor signals, or time series.

This year’s event was organized by the EPSRC-funded UK ICA Research
Network (www.icarn.org). There was also a minor change to the conference
title this year with the exclusion of the word ‘blind’. The motivation for this was
the increasing number of interesting submissions using non-blind or semi-blind
techniques that did not really warrant this label. Evidence of the continued
interest in the field was demonstrated by the healthy number of submissions
received, and of the 149 papers submitted just over two thirds were accepted.

These proceedings have been organized into 6 sections: theory, algorithms,
sparse methods, biomedical applications, speech and audio applications, and
miscellaneous. Within each section, papers have been organized alphabetically
by the first author’s last name. However the strong interaction between theory,
method and application inevitably means that many papers could have equally
been placed in alternative categories.

In this year’s papers there was a significant growth in development of sparsity
as a tool for source separation, while the application areas were once again dom-
inated by submissions focusing on speech and audio, and on biomedical process-
ing. The organizing committee decided to reflect this in their choice of keynote
speakers and were pleased to secure keynote talks from two leading researchers
in these fields: Shoji Makino from NTT Communication Science Laboratories,
Kyoto, Japan; and Scott Makeig from the Swartz Center for Computational
Neuroscience, Institute for Neural Computation, UCSD, USA.

Following the successful additions made to the 2006 event, the 2007 confer-
ence continued to offer a “Student Best Paper Award” and included two tutorial
sessions on the day preceding the main conference. This year’s tutorials covered
two topics closely connected with recent research progress in ICA and source
separation: “Information Filtering,” lectured by José Principe of the University
of Florida; and “Sparse Representations” lectured by Rémi Gribonval of IN-
RIA at IRISA, Rennes. A further innovative aspect of the 2007 event was the



VI Preface

introduction of the “Stereo Audio Source Separation Evaluation Campaign”,
which aimed to compare the performance of source separation algorithms from
different researchers when applied to stereo under-determined mixtures. The dif-
ferent contributions to the challenge were presented in a special poster session
on the last day of the conference, which was then followed by a panel discussion.
The overall results of the evaluation campaign are also summarized in a paper
in this volume.

There are many people that should be thanked for their hard work, which
helped to produce the high quality scientific program. First and foremost we
would like to thank all the authors who have contributed to this volume. Without
them there would be no proceedings. In addition, we thank the members of the
organizing committee and the reviewers for their efforts in commissioning the
reviews, and for their help in selecting the very best papers for inclusion in this
volume. We are also grateful to the organizers of the “Stereco Audio to Source
Separation Evaluation Campaign” for managing both the submissions to and
the evaluation of this work.

Thanks also go to the members of the ICA international steering committee
for their continued advice and ongoing support for the ICA conference series.
All these contributions went towards making the conference a great success. Last
but not least, we would like to thank Springer for their rapid transformation of
a collection of papers into this volume in time for the conference.

June 2007 Mike Davies
Christopher James

Samer Abdallah

Mark Plumbley
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A Flexible Component Model for Precision ICA

Jean-Francois Cardoso'? and Maude Martin?*

! CNRS / LTCI , France
2 Univ. Paris 7 / APC, France

Abstract. We describe an ICA method based on second order statis-
tics which was originally developed for the separation of components in
astrophysical images but is appropriate in contexts where accuracy and
versatility are of primary importance. It combines several basic ideas
of ICA in a new flexible framework designed to deal with complex data
scenarios. This paper describes our approach and discusses its implemen-
tation in terms of a library of components.

1 Introduction

Objectives. This paper describes a framework for component separation which
has been designed with the following objectives in mind:

— the ability to model components with much more flexibility than in most
basic ICA techniques. This includes, in particular, the case of correlated or
multidimensional components,

— the ability to take noise into account. The noise is not necessarily well char-
acterized: its correlation structure may have to be estimated,

— the ability to deal with signals/images of varying resolution.

— the ability to incorporate easily prior information about the components,

— ‘Relative’ speed (enabling error estimates via Monte-Carlo simulations).

Motivation. The original motivation for the work presented here is the process-
ing of spherical maps resulting from all-sky surveys of the microwave emission.
The object of interest is the Cosmic Microwave Background (CMB). The space-
based Planck mission of the European Space Agency will provide observations
of the CMB in 9 frequency channels which will be used as inputs to a component
separation method. This is needed because the cosmological background is ob-
served together with several other astrophysical emissions, dubbed ‘foregrounds’,
both of galactic and extra-galactic origins. These foregrounds, together with the
CMB, are the components which are to be separated. The CMB map itself is
very well modeled as a realization of a (spherical) Gaussian stationary random
field but this is not the case of the other components.

Our method, however, is not specific to this particular problem and may be
considered for application to any situation where ‘expensive’ data deserve special
care and have to be fitted by a complex component model.

Section 2] describes the statistical framework while section [3] discusses imple-
mentation in terms of a library of components.

* Maude Martin is partly supported by the Cosmostat project funded by CNRS.
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2 The Additive Component Model

2.1 A Component Based Model

We introduce a special notation for the ICA model which is more convenient to
our framework, in particular to deal with correlated sources. Traditionally, the
noisy ICA model is denoted as

X=AS+N

where matrix A is m x n for m channels (sensors) and n sources. This is a multi-
plicative model in the sense that the mixing matrix A multiplies an hypothetical
vector S of ‘sources’. The ith source S; contributes a;S; to the observation vec-
tor X where a; is the ith column of A. Hence, the model can be rewritten
‘additively’ as a superposition of C'=n + 1 random components:

C
X=> X° (1)
c=1

where X* = a;S; for 1 < i <nand X" = N. Such a reformulation is worthless
if all sources are modeled as independent. Assume now that two sources, say i
and j, are modeled as statistically dependent. They contribute a;S; 4+ a;.S; to the
observed X . We decide to lump them into a single component denoted X ¢ for some
index ¢: X© = a;5; + a;5;. Then X can still be written as in eq. ({l) and all the
components X ¢ are independent, again. However, the new component X ¢ can no
longer be written as one-dimensional, i.e. as the product of a single fixed column
vector multiplied by a random variable. Instead, it can be written as [S;S;]T left
multiplied by the m x 2 matrix [a;a;]. Such a component is termed ‘bi-dimensional’
and we could obviously define multidimensional components of any dimension.

In eq. (), we have included the noise term as one of the components. Note
that if the noise is uncorrelated from channel to channel, as is often the case,
then the noise component is m-dimensional (the largest possible dimension).

More generally, our model does not require any component to be low di-
mensional. Rather, our model is a plain superposition of C' components as in
eq. (). None of these components is required to have any special structure, one-
dimensional or otherwise. We only require that they are mutually uncorrelated.
In other words, we rely on the property

C
R=) R° (2)
c=1

where R (resp. R€) is the covariance matrix of the data vector X (resp. of cth
component X°).

2.2 Component Restoration by Wiener Filtering

The best (in the mean-square sense) linear estimate X¢ of X based on X is
well known to be Cov(X¢, X)Cov(X, X)~'X which reduces here to

X¢=RR'X (3)
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Hence optimal linear recovery of X¢ from X requires only the determination
of matrices R and R°. The total covariance matrix R can often be estimated
directly from the data so that, in order to restore component ¢ from the mixture,
one “only” has to estimate its covariance matrix R°.

2.3 Localized Statistics, Localized Separation

In practice, we do not consider a single covariance matrix. Rather, in order
to capture better the correlation structure, we compress the data into a set

= {Rq}Q_1 of ) covariance matrices of size m x m. For instance, one would
ebtlmate the covariance of X over several domains (time intervals for time series,
spatial domains for images) or in Fourier space over several frequency bands.
More generally, one could localize the covariance matrices in both domains using
a wavelet basis or just plain windowed transforms. Index ¢ can be thought of as a
time interval (or a spatial zone), a Fourier band, a wavelet domain, etc... In our
application (see introduction), we would consider a hundred of angular frequency
bands localized over a few zones on the sky and @ would be the product of these
two numbers.

This can be formalized by denoting X (¢) the ith coefficient of the data in
some localized basis of p elements

X(i) i€L2,...,p]=UZ D, (4)
where the set [1,...,p] of all coefficient indices is partitioned into @ domains
D1, ..., Dg. For instance, X (7) is an m x 1 vector of Fourier coefficients and D, is

a set of discrete Fourier frequencies in a particular band. The sample covariance
matrix for the gth domain and its expected value are defined/denoted as

Z X(i R, = ER, (5)
’LED

where p, is the number of coefficients in D,. The same notation is also used for
each component so that, these being mutually uncorrelated by assumption, one
has the decomposition

C
R, =) R; (6)
c=1

There are two strong reasons for localizing the statistics.

First, if the strength of the various components and the SNR vary with time,
space, frequency,. .., reconstruction is improved by localizing the filter in time,
space frequency,. .. More specifically, the cth component is reconstructed from
its coefficients X¢(4) estimated by

Xe(i) = RER;IX (i) if i€ D, (7)

i.e. the reconstruction filter also is localized, taking advantage of the ‘local SNR
conditions’ on domain D,.
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Second, the diversity of the statistics of the components over several domains
is precisely what may make this model blindly identifiable. For instance, if all
components are one-dimensional and there is no noise, we are back to the stan-
dard ICA model. Then, if X () are Fourier coefficients and D, are spectral bands,
it is known that spectral diversity (no two components have identical spectrum)
is a sufficient condition for blind identifiability.

2.4 Model Identification

So far, the separation of components has been discussed without any blindness
ingredient. However, we saw that computing the MSE-optimal separating filter
for component ¢ in domain ¢ requires only, by eq. (@), the determination of Ry
A generic procedure for identifying these matrices is to assume some parametric
model for each component: the set R¢ of localized covariance matrices for the
cth component is parametrized by a vector 6¢ of parameters and the component
model is some well thought of function ¢ — R¢(0°) = {RZ(GC)}qQ:l. Some
examples are given at section [3.1]

A parametric model R(#) follows by assuming component decorrelation (&)
and taking the global parameter 6 as the concatenation of the parameters of each
component: 6 = (61,...,6°) | so that R(#) = {Rq(ﬁ)}qQ:1 ={>. Rg(@c)}gzl.
The unknown parameters are found by matching model to data, that is, by
minimizing some measure of discrepancy between R and R(6). More specifically:

Q
0 = argmin p(0) where ¢(0) = > w K (Ry, Ry(0)). (8)
qg=1

Here, K(-,-) is measure of mismatch between two positive matrices and w, are
positive weights (example below).

2.5 Summary. Blind... or Not?

At this stage, (most of) the statistical framework is in place but our method is
not well defined yet because many options are available:

1. choice of a basis to obtain coefficients X (7) and of domains {Dq}qQ:1 to define

their second-order statistics 7/'\’\,7
2. choice of a model §¢ — R¢(0°), for each component contribution,
3. choice of weights w, and matrix mismatch K(-,-) in criterion ¢(#).

Regarding point B our most common choice is to use w, = pg and K(Rq,Rg) =
1[trace(R; 'R2) —log det(Ry 'Ra) —m]. Then, ¢(6) is the negative log-likelihood
of the model where X (i) ~ N (0,R,) for i € D, and is independent from X (i)
for i #£4'.

Another design choice is to implement the recovery (@) of individual compo-
nents either as X°(i) = RS(0°)Ry(0) "' X (i) or as X°(i) = RS(0°) R, X (i).

Is this a blind component separation method? It all depends on the component
model. If all components are modeled as ‘classic’ ICA components (see B]), then
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the method is as blind as regular ICA. Our approach, however, leaves open the
possibility of tuning the blindness level at will by specifying more or less stringent
models 6¢ — R for some or all of the components.

3 Implementation

We are ‘only’ left with the numerical issue of actually minimizing ¢(f) using an
arbitrary library of components. This is the topic of next section.

We call a collection of models 8¢ — R¢(6°) a library of components. In prac-
tice, each member of the library must not only specify a function §¢ — R¢(6)
but also its gradient and other related quantities, as we shall see next.

3.1 A Library of Components
Typical examples of component models are now listed.

1. The ‘classic’ ICA component is one dimensional X¢(i) = a.S.(¢). Denoting
07, the average variance of S(i) over the gth domain, the contribution R
of this component to R, is the rank-one matrix

R =acalol,
This component can be described by an (m + Q) x 1 vector ¢ of param-
eters containing the m entries of a. and the ) variance values O'gc. Such a
parametrization is redundant, but we leave this issue aside for the moment.

2. A d-dimensional component can be modeled as

RS = A Py Al

where A, is an m x d matrix and P, is an d x d positive matrix varying
freely over all domains. This can be parametrized by a vector 8¢ of m x d +
Q@ x d(d + 1)/2 scalar parameters (the entries of A. and of P,.). Again, this
is redundant, but we ignore this issue for the time being.

3. Noise component. A simple noise model is given by

R; = diag(c?,...,02)
that is, uncorrelated noise from channel to channel, with the same level in all
domains but not in all channels. This component is described by a vector 8¢ of
only m parameters. In our application, we also use Ry = diag(afq7 . 7Ufnq)
meaning that the noise changes from domain to domain. We then need a
parameter vector 6¢ of length m@ x 1.

4. As a final example, for modeling ‘point sources’, we also use Ry = R. This
component contributes identically in all channels. If, for instance, we assume
that this contribution RS is known, then the parameter vector 0¢ is void. If
R¢ is known up to a scale factor, then 6° is just a scalar, etc. ..
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3.2 Optimization

For a noise-free model containing only ‘classic ICA’ components, criterion ¢(6)
is a joint diagonalization criterion for which a very efficient algorithm exists [3].
In the noisy case, this is no longer true but it is possible, for simple component
models, to use the EM algorithm. The EM algorithm, however, is not convenient
for general component models and, in addition, EM appears too slow for our
purposes. Specialized optimization algorithms are thus required.

The Conjugate Gradient (CG) algorithm has been found well suited for min-
imizing ¢(#). Its implementation requires that d¢/90 be computed. Also, CG
only works well when properly pre-conditioned by (some approximation of) the
inverse of 92¢/062. Since ¢(0) actually is a negative log-likelihood in disguise,
its Hessian can be approximated by F(#), the Fisher information matrix (FIM).
The FIM is also useful for computing (approximate) error bars on 0.

Hence we need to compute d¢/96 and (possibly an approximation of) 92¢/962.
This computation offers no particular difficulty in theory but our aim is to imple-
ment it in the framework of a library of components. It means that we seek to
organize the computations in such a way that each component model works as a
‘plug-in’.

Computing the gradient. Slightly abusing the notation, the derivative with
respect to 6¢ takes the form

< ORG(0°
agéf) = qz::ltrace (Gq(G) 8‘1;6 )) 9)
where matrix G4(6) is defined as
Gq(6) = yuR;(6) (Ry(6) - R, ) R, (6) (10)

Hence the computation of 9¢/d0 at a given point § = (91, ...,0¢) can be orga-
nized as follows. A first loop through all components computes R(0) by adding
up the contribution R¢(0¢) of each component. Then, a second loop over all
) domains computes matrices {Gq(ﬁ)}qul which are stored in a common work
space. Finally, a third loop over all components concatenates all partial gradients
0¢/00°, each component implementing the computation of the right hand side

of @) in the best possible way, using the available matrices {Gq(ﬁ)}qul.

Computing an (approximate) Hessian. The Fisher information matrix can
be partitioned component-wise with the off-diagonal block [F(6)].r depending
on components ¢ and ¢’. This seems to be a problem for a plug-in architecture
because its principle requires that new component models can be introduced
(plugged in) independently of each other. Nonetheless, this requirement can be
full-filled because, the (¢,c’) block of the FIM is

ORE(H° OR (6
[F(0)]cer = ;qutrace< ézai )Rgl(a) 59(0 )Rq1(9)> (11)
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Hence, the FIM can be computed by a double loop over ¢ and ¢’ since it is only
necessary that the code for each component be able to return {81?39(09 )}Q_
A straightforward implementation of this idea may be impractical, though,

because { 89 } 4 is a set of |6°] x @ matrices, possibly very large. This
problem can be largely alleviated in the frequent case where components have
‘local’ variables, that is whenever 6¢ can be partitioned as 0 = (6§, 07, . .., 05)
where, for ¢ > 0, vector ¢¢ influences only Ry and where 6§ collects all the
remaining parameters, i.e. those which affect the covariance matrix over two
or more domains (the simplest example is the ‘classic’ I[CA component: Rf =
a(acaq(, for which 65 = a and 0 = a for g = 1,...,Q). In that case, vector
0 can be partitioned into a global part 0o = (05,...,65) and Q local parts
0y = (9;, cee 95). With such a partitioning, the FIM has many zero blocks since
then [F(0)]4e = 0 for 1 < ¢ # ¢’ < @ and the computations can be organized
much more efficiently. Space is lacking for giving more details here.

Indeterminations and penalization. We saw at section B that ‘natural’
component parametrization often are redundant. From a statistical point of view,
this is irrelevant: we seek ultimately to identify R® = {Rg}?zl as a member of
a family described by a mapping 6¢ — R¢(6¢) but this mapping does not need
to be one-to-one. The simplest example again is for Ry = a(alaq( which is
invariant if one changes a. to aa. and o4 to oflaqc. This is the familiar ICA
scale indetermination but R itself is perfectly well defined [2].

The only serious concern about over-parametrization is from the optimiza-
tion point of view. Redundancy makes the ¢(#) criterion flat in the redundant
directions and it makes the FIM a singular matrix. Finding non redundant re-
parametrizations is a possibility, but it is often simpler to add a penalty function
to ¢() for any redundantly parametrized component. For instance, the scale in-
determination of the classic ICA component R{ = aCaTUq when parametrized
06 = ac and 05 = o2, (¢ > 1) is fixed by adding ¢°(6°) = g(||a.|?) to ¢(0), where
g(u) is any reasonable function which has a single minimum at, say, u = 1.

4 Conclusion

Our technique for component separation gains a lot of its flexibility from realiz-
ing that one can start with covariance matriz separation —i.e. the identification
of individual component terms in the domain-wise decomposition (@) followed
by data separation according to ([@). It is thus sufficient to identify matrices
Rj. Whether or not minimizing the covariance matching criterion ¢(6) leads
to uniquely identified components depends on the particular component models
picked from a ‘library of components’. Uniqueness (identifiability) can only be
decided on a case-by-case basis, either from analytical considerations or by in-
spection of the Fisher information matrix which can be numerically computed
using the component library. By using more or less constrained components, the
method ranges from totally blind to semi-blind, to non-blind.
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Some strong points of the approach are the following. Speed: the method is
potentially fast because large data sets are compressed into R, a possibly much
smaller object. Accuracy: the method is potentially accurate because it can
model complex components and then recover separated data via local Wiener
filtering. Flexibility: the method is flexible because it can be implemented via
a library of components with arbitrary structure. Noise: the method can take
noise into account without increased complexity since noise is not processed
differently from any other component. Prior: the implementation also allows
for easy inclusion of prior information about a component c if it can be cast in
the form of a prior probability distribution p.(6¢) in which case one only need to
subtracting log p.(0°) from ¢(0) and the related changes can be delegated to the
component code. Varying resolution: in our application, and possibly others,
the input channels are acquired by sensors with channel-dependent resolution.
Accurate component separation can only be achieved if this effect is taken into
account. This can be achieved with relative simplicity if the data coefficients
entering in R, are Fourier coefficients.

This paper combines several ideas already known in the ICA literature: lump-
ing together correlated components into a single multidimensional component
is in [2]; minimization of a covariance-matching contrast ¢(f) derived from the
log-likelihood of a simple Gaussian model is found for instance in [3]; the exten-
sion to noisy models is already explained in [4]. The current paper goes one step
further by showing how arbitrarily structured components can be separated and
how the related complexity can be managed at the software level by a library of
components.
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Abstract. This paper deals with the problem of Blind Source Sepa-
ration. Contrary to the vast majority of works, we do not assume the
statistical independence between the sources and explicitly consider that
they are dependent. We introduce three particular models of dependent
sources and show that their cumulants have interesting properties. Based
on these properties, we investigate the behaviour of classical Blind Source
Separation algorithms when applied to these sources: depending on the
source vector, the separation may be sucessful or some additionnal inde-
terminacies can be identified.

1 Introduction

Independent Component Analysis (ICA) is now a well recognized concept, which
has fruitfully spread out to a wide panel of scientific areas and applications. Con-
trary to other frameworks where techniques take advantage of a strong informa-
tion on the diversity, for instance through the knowledge of the array manifold
in antenna array processing, the core assumption in ICA is much milder and
reduces to the statistical mutual independence between the inputs.

However, this assumption is not mandatory in Blind Source Separation (BSS).
For instance, in the case of static mixtures, sources can be separated if they are
only decorrelated when their nonstationarity or their color can be exploited.
Other properties such as the fact that sources belong to a finite alphabet can
alternatively be utilized [I2] and do not require statistical independence.

Inspired from [3/4], we investigate the case of dependent sources, without
assuming nonstationarity nor color. To our knowledge, only few references have
tackled this issue [5J6].

2 Mixture Model and Notations

We consider a set of N source signals (s;(n))nez,i = 1,..., N. The dependence
on time of the signals will not be made explicit in the paper. The sources are
mixed, yielding a P-dimensional observation vector x = (x(n)),ez according to
the model:

x = As (1)

M.E. Davies et al. (Eds.): ICA 2007, LNCS 4666, pp. 916 2007.
© Springer-Verlag Berlin Heidelberg 2007
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where s = (s1,...,8n5)", x = (21,...,2p)" and A is a P x N matrix called the
mixing matrix. We assume that A is left-invertible.

Source separation consists in finding a N x P separating matrix B such that its
output y = Bx corresponds to the original sources. When only the observations
are used for this, the problem is referred to as the BSS problem. Introducing the
N x N global matrix G £ BA, the BSS is problem is solved if G is a so-called
trivial matrix, i.e. the product of a diagonal matrix with a permutation: these
are well known ambiguities of BSS.

In this paper, we will study separation criteria as functions of G. Source
separation sometimes proceeds iteratively, extracting one source at a time (e.g.
deflation approach). In this case, we will write y = bx = gs where b and
g = bA respectively correspond to a row of B and G and y denotes the only
output of the separating algorithm. In this case, the separation criteria are con-
sidered as functions of g. Finally, we denote by E{.} the expectation opera-
tor and by Cum{.} the cumulant of a set of random variables. Cumy{y} is
equivalent to Cum {y,y,y,y} and, for complex variables, Cums 2{y} stands for

Cum {y,y,y*,y"}.

3 Examples and Properties of Dependent Sources

We introduce in this section different cases of vector sources that are dependent
and that will be considered in this paper.

3.1 Three Dependent Sources

Binary phase shift keying (BPSK) signals have specificities that will allow us

to obtain source vectors with desired properties. In this paper, we will consider

BPSK sources that take values s = 4+1 or s = —1 with equal probability1l/2. We

define the following source vector:

Al. s 2 (s1, 82, 53)" where s; is BPSK; s9 is real-valued non Gaussian, indepen-
dent of s; and satisfies E {s2} = E {sg} = 0; and s3 = 5159.

Interestingly, the following lemma holds true:

Lemma 1. The sources s1, s2, 53 defined by [A1l are obviously mutually depen-
dent. Nevertheless they are decorrelated and their fourth-order cross-cumulants
vanish, that is:
Cum {s;, s} =0 except if i = j, (2)
Cum {s;, sj, sk, 51} =0 except if i =j =k =1 (3)
Proof. Using the definition of s1, s3 and their independence, one can easily check
that E{s1} = E{s2} = E{s3} = 0. For these centered random variables, it is
known that cumulants can be expressed in terms of moments:
Cum {s;,s;} = E{s;s;} (4)
Cum {s;, sj, s, 51} = E{s;sjsps1} —E{sis; } E{sgs}
—E{sisi} E{sjsi} —E{sisi} E{s;jsi} (5)
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Using again the definition of s;,s2 and their independence, it is then easy to
check all cases of equations () and (@) and to verify that these fourth order cross-
cumulants are indeed null. On the other hand, the third order cross-cumulant
reads:

Cum {s1, 82,53} = E{s1s2s3} =E{sis3} =E{s7} E{s3} >0 (6)
and this proves that si, s2, s3 are mutually dependent. a

Depending on s», more can be proved about the source vector defined by [All
For example, if the probability density function of s5 is symmetric, then s; and
s3 are independent. On the contrary so and s3 are generally not independent.

An even more specific case is obtained when s5 is itself BPSK. In this case,
one can check that the sources (si,s2,s3) are pairwise independent, although
not mutually independent.

3.2 Pairwise Independent Sources

We now investigate further the case of pairwise independent sources and intro-
duce the following source vector:

A2. s = (s1,82,83,84)" where s1,s2 and s3 are independent BPSK and s4 =
§182S83.

This case has been considered in [3], where it has been shown that
Vie{l,...,4}, Cum{s;, s;, 84,81 = —2, Cum{sy,s2,83,84} =1 (7)

and all other cross-cumulants vanish. The latter cumulant value shows that the
sources are mutually dependent; although it can be shown that they are pairwise
independent. It should be clear that pairwise independence is not equivalent to
mutual independence but in an ICA context, it is relevant to recall the following
proposition, which is a direct consequence of Darmois’ theorem [T, p.294]:

Proposition 1. Let s be a random vector with mutually independent compo-
nents, and x = Gs. Then the mutual independence of the entries of x is equiv-
alent to their pairwise independence.

Based on this proposition, the ICA algorithm in [7] searches for an output vector
with pairwise independent component. Let us stress that this holds only if the
source vector has mutually independent components: pairwise independence is
indeed not sufficient to ensure identifiability as we will see in Section

3.3 Complex Valued Sources

We consider quaternary phase shift keying (QPSK) sources which take their

values in {e'%, e, e, e } with equal probability 1/4. We then define the

following source vector:

A3. s = (s1, s2, 3, 54)" where s1, $2 and s3 are mutually independent QPSK and
S4 = 515283.
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Based on the Equations (@) and (B) which hold for the above centered sources,
one can check the following proposition:

Lemma 2. The sources in[A3 are dependent and Cum {s1, s2, s3, s} = 1. How-
ever, they are second-order decorrelated and all their fourth order circular cross-
cumulants (i.e. with as many conjugates as non-conjugates) vanish, that is:

Cum{si,s;‘»} =0 and Cum {s;,s;} =0 except if i = j, (8)
Cum {s;, sj,sy,s;} =0 except if i =j =k =1. 9)

Actually, we can prove that the above Lemma, as well as Lemma Ml and Propo-
sition [ still hold in the case when s1, so and s3 are second order circular and
have unit modulus: this is not detailed for reasons of space and clarity.

4 ICA Algorithms and Dependent Sources

4.1 Independence Is Not Necessarily Required

The sources given by [All provide us with a specific example of dependent sources
that are sucessfully separated by several ICA methods:

Proposition 2. Let y = gs where the vector of sources is defined by[ALl Then,
the function
g — |Cumy{y}*, a>1 (10)

defines a MISO contrast function, that is, its mazximization over the set of unit
norm vectors (||g||* = 1) leads to a vector g with only one non-zero component.

Proof. The above proposition follows straightforwardly from Lemma [] since the
proof of the validity of the above contrast functions only relies on the property
in Equation (@)). O

Considering again the argument in the proof, one should easily notice that the

above proposition can be generalized to the case of sources which satisfy:

A4. s = (s1,...,83k) where: Vi € {0,..., K — 1}, s3,41 is BPSK; $3,12 is non
Gaussian and satisfies E {sgi42} = E{s3,,5} = 0; s3143 = S3i+153i42; and
the random variables {sgi+1, S3i42; ¢ =0,..., K — 1} are mutually indepen-
dent.

In addition, the above result can be generalized convolutive systems and to
MIMO (multiple input/multiple output) contrast functions as defined in [72]:

Proposition 3. Let y = Gs where the vector of sources is defined by[Al. Then
the function:

N
G~ Z |Cumg{y; }¢, a>1 (11)
i=1

is a MIMO contrast, that is, its mazimization over the group of orthogonal ma-
trices leads to a solution G which is a trivial matriz (permutation, scaling).
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Many classical algorithms for BSS or ICA first whiten the data: it is known
that in so doing, they constrain matrix G to be orthogonal. In particular so
does the algorithm proposed in [7], which relies on the contrast function in ().
It justifies that this algorithm successfully separates the sources [AIl Actually,
any algorithm relying on a prewhitening and associated with a contrast function
based on the vanishing of the fourth-order cross cumulants (e.g. JADE) is able
to separate sources such as [AIl

4.2 Pairwise Independence Is Not Sufficient

We now consider the pairwise independent sources given by and show that
pairwise independence is not sufficient to ensure identifiability of the ICA model.
We first have the following preliminary result:

Lemma 3. Let y = gs where the vector of sources is defined by [A3. Assume
that the vector (s1, 82, 83) takes all 22 possible values. If the signal y has values
in {—1,+1}, then g = (91,92, g3, g4) is either one of the solutions below:

{326{17...74} gi = +1, and: Vj #1i,g; =0 (12)

Jie{l,...,4} ¢, =+1/2, and:Vj#i,9; =—g

Proof. If y = gs, using the fact that s? = 1 for i = 1,...,4, we have with the
particular sources given by

Y = g% +g§+g§+gi+2 [(9192 +g394)$182+ (9193 +9294)81S3+ (9293 +9194)8283}

Since (s1, s2, s3) take all possible values in {—1,1}3, we deduce from y? = 1 that
the following equations necessarily hold:

2 2 2 2
+ + + =1
{91 g2 T g3 T gy (13)

9192 + 9394 = 9193 + 9294 = 9293 + 9194 = 0
First observe that values given in (IZ) indeed satisfy (I3]). Yet, if a polynomial
system of N equations of degree d in N variables admits a finite number of

solutionsﬂ7 then there can be at most dV distinct solutions. Hence we have found
them all in (I2), since ([I2)) provides us with 16 solutions for (g1, g2, 93,94). O

Using the above result, we are now able to specify the output of classical ICA
algorithms when applied to a mixture of sources which satisfy [A2l

Constant modulus and contrasts based on fourth order cumulants.
The constant modulus (CM) criterion is one of the most known criteria for BSS.
In the real valued case, it simplifies to:

Jom(g) £ E{(y2 - 1)2} with: y = gs (14)

! One can show that the number of solutions of ([I3) is indeed finite.
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Proposition 4. For the sources given by[A2d, the minimization of the constant
modulus criterion with respect to g leads to either one of the solutions given by

Equation ([I2).

Proof. We know that the minimum value of the constant modulus criterion is
zero and that this value can be reached (for g having one entry being +1 and
other entries zero). Moreover, the vanishing of the constant modulus criterion
implies that y2 — 1 = 0 almost surely and one can then apply Lemma Bl O

A connection can now be established with the fourth-order autocumulant if we
impose the following constraint:

E{y’} =1 (or equivalently |g| = 1 since y = gs) (15)

Because of the scaling ambiguity of BSS, the above normalization can be freely
imposed. Under ([H), we have Cumy{y} = E{(y2 — 1)2} — 2 and minimizing
Jom(g) thus amounts to maximizing —Cumy{y}. Unfortunately, since Cumy{y}

may be positive or negative, no simple relation between |Cumy{y}| and Jen(g)
can be deduced from the above equation. However, we can state:

Proposition 5. Let y = gs where the vector of sources is defined by[A2. Then,
under the constraint [I3) (||g]| = 1), we have:

(i) The mazimization of g — —Cumy{y} leads to either one of the solutions
given by Equation (I2)).

(i) |Cumyg{y}| < 2 and the equality |Cumy{y}| = 2 holds true if and only if g is
one of the solutions given in Equation (I2)).

Proof. Part (i) follows from the arguments given above. In addition, using mul-
tilinearity of the cumulants and (@), we have for y = gs:

Cumy{y} = =2 (g1 + g5 + g3 + 1) + 24 (91929394) (16)

The result then follows straightfowardly from the study of the polynomial func-
tion in Equation (I@). Indeed, optimizing () leads to the following Lagrangian:

4 4 4
£:—2Zg?+24Hgi—)\<Zgi2—l> (17)
=1 i=1 =1

After solving the polynomial system which cancels the Jacobian of the above
expresssion, one can check that all solutions are such that |Cumy{y}| < 2. Details
are omitted for reasons of space. Part (ii) of the proposition easily follows. O

Similarly to the previous section, the above proposition can be generalized to
MIMO contrast functions. In particular, this explains why, for a particular set of
mixing matrices such as that studied in [3], the pairwise maximization algorithm
of [7] still succeeded: a separation has luckily been obtained for the considered
mixing matrices and initialization point of the algorithm, but it actually would
not succeed in separating BPSK dependent sources for general mixing matrices.
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Let us stress also that the results in this section are specific to the contrast
functions given by () or (). In particular, these results do no apply to algo-
rithms based on other contrast functions such as JADE, contrary to the results
in Sections 1] and

4.3 Complex Case

The output given by separation algorithms in case of complex valued signals may
differ from the previous results which have been proved for real valued signals only.
Indeed, complex valued BSS does not always sum up to an obvious generalization
of the real valued case [8]. We illustrate it in our context and show that, quite
surprisingly, blind separation of the sources given by can be achieved up to
classical inderterminations of ICA. This is in contrast with the result in Equation
([I2) where additionnal indeterminacies appeared. First, we have:

Lemma 4. Let y = gs where the vector of sources is defined by [A3. Assume
that the vector (s1, 82, 83) takes all 43 possible values. If the signal y is such that
its values satisfy |y|?> =1, then g = (g1, 92, g3, ga) satisfies:

Jie{1,...,4} |gi|l =1,and:Vj#1i,9; =0 (18)

Proof. If y = gs, using the fact that |s;|> = 1 for i = 1,...,4, we have with the
particular sources given by

4
lyl* = Z lgil* + Zgig;SiS; (19)
i=1

i#]

Since (s1, s2, s3) take all possible values in {1,2, —1, —1}3, we deduce from |y|?> =
1 that the following equations necessarily hold:

(20)

l911* + lg2I* + lgs|® + ga* = 1
9195 = 9193 = 9191 = G205 = G2ga* = g3gy = 0

Solving for the polynomial system in the variables |g1],|g2|, |g3] and |g4|, we
obtain that the solutions are the ones given in Equation (Ig]). O

Constant modulus and fourth-order cumulant based contrasts. In con-
trast with Propositions ] and Bl we have the following result:

Proposition 6. Let y = gs where the sources satisfy[A3 Then, the functions:
gl—>—E{Hy|2—1’2} and: (21)
g — |Cumy o {y}| under constraint E {|y[*} =1 (22)

are contrast functions, that is, their maximization leads to g satisfying (IJ]).

Proof. The validity of the first contrast function is obtained with the same argu-

ments as in the proof of Proposition@ we have |y|?> "= 0, which yields 20) via
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([@@). In the case of independent sources, the proof of the validity of the second con-
trast involves only cumulants with equal number of conjugate and non conjugate
variables: invoking Lemma[2] one can see that the same proof still holds here. O

Note that the same arguments can be applied to ICA methods such as the
pairwise algorithm in [2] or JADE [9]. Figure [ illustrates our result.
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Fig. 1. Typical observed separation result of the sources with the algorithm JADE
(left: sensors, right: separation result)
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Abstract. This paper addresses the problem of the blind signal ex-
traction of sources by means of an information theoretic and geometric
criterion. Our main result is the extension of the minimum support crite-
rion to the case of mixtures of complex signals. This broadens the scope
of its possible applications in several fields, such as communications.

1 Introduction

The paradigm of linear ICA consists in the decomposition of the observations
into a linear combination of independent components (or sources), plus some
added noise. The problem is named blind signal separation (BSS) when one tries
to recover all the involved sources, whereas, it is named blind signal extraction
(BSE) when one is interested in one or a subset of sources.

In the late 1970s, a powerful contrast function was proposed to solve the
problem of blind deconvolution [I]. This contrast function, which minimizes the
Shannon entropy of the output under a variance constraint on its signal com-
ponent, was a direct consequence of the entropy power inequality [2]. A similar
principle was much latter rediscovered in the field of ICA, where the minimiza-
tion of the mutual information of the outputs, under a covariance constraint,
was seen as a natural contrast function to solve the BSS problem [3]. Indeed,
provided that the inverse system exists, there is a continuum of contrast func-
tions based on marginal entropies which allows the simultaneous extraction of
an arbitrary number of source signals [4].

Since them, the ICA literature explored the properties of other generalized
entropy measures, like Renyi’s entropies, to obtain novel information theoretic
contrast functions [5l6]. A criterion, which involved the minimization of the sum
of ranges of the outputs, was proposed in [7] for solving the BSS problem with
order statistics. Some time latter, we independently proposed a similar criterion
(the minimum support criterion) which minimizes zero order Renyi’s entropy of
the output for solving the problem of the blind extraction of one of the sources
[8]. In [9] the minimum range criterion for extraction was rediscovered and proved

* Part of this research was supported by the MCYT Spanish project TEC2004-
06451-C05-03.

M.E. Davies et al. (Eds.): ICA 2007, LNCS 4666, pp. 17-24] 2007.
© Springer-Verlag Berlin Heidelberg 2007
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to be free of erroneous minima, a very desirable property. The minimum support
and the minimum range criteria coincide only when all the involved signals have
convex support, otherwise they differ [I0].

In this paper, we retake the minimum support criterion and extend its role as
contrast function for mixtures of complex source signals.

The paper is organized as follows. In section 2 we present the signal model.
Section 3 and section 4 detail some useful results and geometrical object defini-
tions. Section 5 presents the complex version of the minimum support criterion
and other extensions. Section 6 presents the simulations, and finally, section 7
discusses the conclusions.

2 Signal Model and Notation

We consider the standard linear mixing model of complex stationary processes
in a noiseless situation. The observations random vector obeys the following
equation

X =AS, (1)

where § =[Sy, ,8,]T € C"*! is a random vector with independent compo-
nents, and A € C"*" is a mixing matrix of complex elements.

In order to extract one non-Gaussian source from the mixture, one can com-
pute the inner product of the observations with the vector u, to obtain the
output random variable or estimated source

Yy =uf’X =g/8§, (2)

where g = u” A denotes the vector with the coefficients of the mixture of the
sources at the output.

The Darmois-Skitovitch theorem [3] guarantees the identifiability of non-
Gaussian complex sources, up to a permutation, scaling and phase term. Let
ej, © =1,...,n, denote the coordinate vectors; one source is extracted when

g =llglees, ie{l,...,n}. (3)

3 Support Sets and Geometric Inequalities

Consider two m-dimensional vectors of random variables A and B, whose re-
spective densities are fa(a) and fg(d).

Definition 1. The support set of a random vector A, which we denote by S4 =
supp{ A}, is the set of points for which its probability density function is nonzero,
i.e., Sa={acR"™: fa(a) > 0}.

Definition 2. The convex hull of the set S4, which we denote by S ; = conv Sy,
is the intersection of all convex sets in R™ which contain S4.
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In this paper, we will consider that all the support sets of our interest are compact
(bounded and closed), thus we will make no distinction between convex hull and
the convex closure.

Definition 3. The Minkowski sum of two given sets S4 and Sg is defined as
the set S ©Sp={a+ b: a€ A, be B} which contains all the possible sums
of the elements of S, with the elements of Sg.

In the case of two independent random vectors A and B, it is easy to observe
that the support of their sum S4 .4 p is equal to the Minkowski sum of the original
support sets Sg D Sp.

The following famous theorem in geometry establishes the superadditivity of
the n-th root of the volume of a Minkowsky sum of two sets.

Theorem 1 (Brunn-Minkowski inequality in R™). Let S4 and Sp be non-
empty bounded Lebesgue measurable sets in R™ such that S4 @ Sp is also mea-
surable. Then

,Um(SA ©® SB)I/m Z ,Um(SA)l/m + ,Um(SB)l/m (4)

The Brunn-Minkowski inequality is formulated for nonempty bounded measur-
able sets in R™. However, we want to apply it to obtain a criterion that works
for complex data. The next section will help us in this task.

4 TIsomorphisms Between Real and Complex Sets

The following bijective mapping

¢ = R} +jS{c} = Ti(c) = @g) . 5)

defines a well-known isomorphism between the space of complex scalar numbers
C and the vector space R? with the operation of addition and multiplication
by a real number. However, the multiplication of two complex numbers is not
naturally carried in R?. Hopefully, there is another isomorphism between the
space of complex scalar numbers ¢ € C and the subfield of the M? vector space
of real 2 x 2 which carries the operation of multiplication. It is defined by the
following bijective mapping

e} R{c}

The two previously presented isomorphisms allow one to express the following
operation of complex random variables

¢ = R{e} + j3{c}  Ta(c) = CR{C} ‘%{C}> . (6)

Y = ngsi (7)
i—1
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as the equivalent real operation between real vectors of random variables
R{Y'} _ i Rigit S{gi} R{S;} (8)
{2 \=S{e} Rlgit) \S{S:3)
Moreover, to any given set of complex numbers S4 we can associate an area
p2(A) which represents the area of the equivalent set T1(Sa) = {T1(a) : a € Sa}
of R? defined by the real and imaginary pairs of coordinates. Thus, the measure

of the support of a complex scalar random variable is defined as the measure of
support of the random vector formed by its real and imaginary parts

utse) = (s { ($E1)}). )

Note that the measure of the support of the complex scalar multiplication
g;S; is invariant to the phase of the complex scalar ¢}, because the phase term
only implies a rotation of the space. This can be better seen from the fact that

2 (Supp { (2}52%) }) = |gi* ui(Ss,)

5 The Complex Version of the Minimum Support
Criterion

1 (Segrsn) = ‘—%S{{gi} ;g%

Now we are ready to apply the Brunn-Minkowski theorem. We will implicitly
assume complex sources whose densities have bounded Lebesgue measurable
and non-empty supports. Under these conditions, we can exploit the previously
defined isomorphisms, between real and complex sets, to rewrite the Brunn-
Minkowski inequality in R? (see equation (@) as an inequality for the measure
of the support of complex random variables

(5S> 2 3 (i (Sars))* = Lol (1 (S5.)) (10)

=1

A theorem, originally formulated by Lusternik and whose proof was later
corrected by Henstock and Macbeath [I3], establishes the general conditions for
the equality to hold in the Brunn-Minkowski theorem.

Theorem 2 (Conditions for equality). Let S4 and Sg be nonempty bounded
Lebesgue m-dimensional measurable sets, let S’y and S4 denote, respectively, the
complement and the convex closure of S4.

a) If u,,(Sa)=0and 0 < p,,(SB) < oo, then the necessary and su cient con-
dition for the equality in Brunn-Minkowski theorem is that S4 should consist
of one point only.
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b) If 0 < pn(Sa)pum(Se) < oo the equality in Brunn-Minkowski theorem holds
if and only if y 5
fm(Sa NSy) = pm(SpN Sp) =0,

and the convex closures S4 and Sg are homothetidl.

By the application of theorem 2, the equality in ([IQ) is only obtained when one
of the following conditions is true:

Case a) The mixture at the output is trivial, i.e.,
Y =g7S;, ie{l,...,n}, (11)

which happens when the output is an arbitrary scaled and rotated version
of only one the sources.

Case b) When the sources whose contribution to the output does not vanish
have support sets which are all convex and homothetic.

The connection between the zero order Rényi’s entropy of a random vector in
R? and the volume of its support set (see [I1]) leads us to identify the zero order
entropy of a complex random variable with the joint zero order entropy of its
real and imaginary parts,

hS(Y) = log S (Sy ) = ho(R{Y}, S{Y}) . (12)

Then, we can use equation ([I0) to obtain a different inequality which relates
the zero order entropy of the output with those of the sources and which, at the
same time, prevents the equality to hold true for the situations described in the
case b). This new inequality is at the heart of the following result.

Theorem 3. If the measure of the support set of the complex sources if finite
and does not vanish for at least n — 1 of them,

1i(Ss,, ) #0, i=1,...,n—1, 7 perm.of {1,...,n}, (13)
the zero order entropy of the normalized output
) = i)
U(X,u) = h¢ X =ne 14
ot =g (%) =1 1, 14

is a contrast function for the extraction of one of the sources. The global mini-
mum of this contrast function is obtained for the source (or sources) with smallest
scaled measure of support, i.e.,

min (X, u) = min hg (S;/[|a; |2) , (15)
u 2
where a; denotes the ith column of A~#, the inverse hermitian transpose of the
mixing matrix.

1 They are equal sets up to translation and dilation.
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Due to the lack of space, its proof is omitted. The result tells us that we can
extract one of the sources by minimizing the area of the support set of the
output.

Note that the theorem does not require the typical ICA assumption of the
circularity of the complex sources nor the mutual independence between their
real and imaginary parts.

The minimum support contrast function does not work for discrete sources
(drawn from alphabets of finite cardinality) because they are of zero measure, a
case not covered by the conditions of the theorem. Nevertheless, after replacing
the support sets of the original random variables by its convex hull, we return
to the conditions of the theorem, obtaining the well-behaved contrast function

y y g
V(X u) = log u5(Sy/|ull,) = hg <||u”2> : (16)

Indeed, in all of our experiments, and in similarity with the minimum range
contrast for the case of real mixtures [9], this contrast function was apparently
free of deceptive minima. Although we still don’t know whether this property is
true in general, we succeeded in proving the following result.

Theorem 4. For a mixture of n complex sources with bounded circular convex
hull, the minima of the contrast function ¥ (X, u) can only be attained at the
solutions of the extraction problem, i.e., there are no local deceptive minima.

6 Simulations

In order to optimize the contrast function we first parametrized a complex unit
norm vector u in terms of 2n — 2 angles (ignoring a common phase term). Let
R(1,k+1,ap,Bk), for k =1,...,n—1, denote a class of planar rotation matrices,
then

u = elTR(la n7an—1aﬂn—1) e R(17 2a alaﬂl)-

Since the extraction solutions are non-differentiable points of the contrast
function, we used the downhill simplex method of Nelder and Mead to optimize it
in low dimensions [I4]. In high dimensions, an improved convergence is obtained
when combining the previous optimization technique with numerical gradient
and line-search methods. Each function evaluation requires the computation of
the planar convex hull of a set of T outputs. The optimal algorithms for this
task, have, in the worst case, a computational complexity of O(T log V') where
V' is the number of vertices of the convex hull [I5].

Consider the sample experiment of 200 observations of a complex mixture
of two 16QAM sources (a typical constellation used in communications). The
illustration of figure[Il presents the graph of the contrast function W(X ,u) which
periodically tessellates the (a1, 81)-plane. The figure shows a contrast function
with no local deceptive minima, which is non-differentiable at those points where
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Fig. 1. Graph of the contrast function, with respect the parameters (a1, 1), for a
mixture of two 16QAM sources. The solutions to the extraction problem are at the
minima of the function.
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Fig. 2. The 16QAM source recovered by the extraction algorithm and the frontier of
the convex hull of its support (dashed line)

the Brunn-Minkowski equality holds true. The illustration of figurePlpresents the
16QAM source extracted by the previously described algorithm and the frontier
of the convex hull of its support.

7 Conclusions

We have presented a geometric criterion for the extraction of one indepen-
dent component from of a linear mixture of complex and mutually independent
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signals. The criterion favors the extraction of the source signals with minimum
scaled support and does not require the mutual independence between their real
and imaginary parts. Under certain given conditions, the criterion is proved to
be free of defective local minima, although, a general proof is still elusive.
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Abstract. In this paper, we address the problem of blind source sepa-
ration of non circular digital communication signals. A new Jacobi-like
algorithm that achieves the joint diagonalization of a set of symmet-
ric third-order tensors is proposed. The application to the separation of
non-gaussian sources using fourth order cumulants is particularly investi-
gated. Finally, computer simulations on synthetic signals show that this
new algorithm improves the STOTD algorithm.

1 Introduction

In the classical blind source separation problem, see e.g. [1] [2] [3] and [4], statis-
tics based matrices or tensors often have an identical decomposition. This known
decomposition is then used through a Jacobi-like algorithm to estimate the so-
called mixing matrix. Perhaps one of the most popular algorithms of that kind
is given in [I]. Tt is called JADE and its goal is to joint-diagonalize a set of
hermitian matrices. The algorithm in [5] is intended to “joint-diagonalize” a set
of complex symmetric matrices. The ICA algorithm in [2] is intended to diago-
nalize a fixed order (cumulant) tensor. The STOTD algorithm in [3] is intended
to “joint-diagonalize” a particular set of (cumulant) third order tensor.

Actually, principally in wireless telecommunication applications, non circular
signals are of importance, see e.g. [B][6][7][8]. The main goal of this paper is to
propose a novel approach that can combine “non-circular” statistics to circular
one easily for separation. It is based on a particular decomposition of symmetric
third order tensors. Notice that the circular part corresponds to the STOTD
algorithm [3] while the non-circular one is original.

We apply the proposed algorithm and compare it with STOTD using computer
simulations. They illustrate the usefulness to consider both kind of statistics.

2 The Proposed Algorithm

2.1 The “Non Circular” Algorithm

We consider Ny symmetric complex third-order tensors Ty, | = 1, -+, Ny, of
dimension N x N x N decomposed linearly as:
DIZTlxlUXQUX;gU (1)

M.E. Davies et al. (Eds.): ICA 2007, LNCS 4666, pp. 25-132] 2007.
© Springer-Verlag Berlin Heidelberg 2007
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where D; are also symmetric complex third-order tensors and U is a complex
unitary matrix. The notation in () is defined component-wise as

(Djjogs = O (T0kskaks (U)giky (U)o (U) s - (2)
k1,k2,ks

It is important to notice that our decomposition is different from the one in [3].
Indeed, there, the considered complex third-order tensors satisfy the following
decomposition

Dl:TlxlszU* ><3U* (3)

where D; are also symmetric complex third-order tensors.

The goal is to estimate a unitary matrix U in such a way that tensors Dy
are (approximately) diagonal. For that task, it is rather classical to consider the
following quadratic criterion

C(UATYH = ZZKDl)m\Q (4)

to be maximized. It corresponds to the maximization of the sum of the squared
norm of all diagonals of the set of tensors {D} hence to the minimization of the
squared norm of all off diagonal components.

As we consider a Jacobi-like algorithm, we study the case N = 2. In that case
the unitary matrix U can be parameterized as

_ cos(a) —sin(«) exp(j¢)
- (Wl(a) exp(—j¢) cos(a) ) (5)

where o and ¢ are two angles.
We can now propose the following result.

Proposition 1. The criterion in () can be written as

C(U,{T}) =u"Bju (6)
where
u = (cos(2a) sin(2a)sin(¢) sin(2a)cos(¢)) © (7)
and By is a real symmetric matriz whose expression is given in the proof.
Proof
With the property of symmetry of the tensor T; that is to say
(TO)ppk = (T)prp = (T0)kpp (8)
we can write the two elements of the diagonals of one single (2 x 2 x 2) tensor
D,

(Di)111 = (T1)111 cos®(a) — 3(Ty)112 sin(a) cos®(a)e’?
+3(T)) 122 sin? () cos(a)e??? — (T))g0z sin®(a)e/3?
9)
(Dy)222 = (T1)111 8in®(a)e ™73 + 3(T)112 cos(a) sin® (ar)e~27?
+3(T;) 122 cos? () sin(a)e 7% 4 (T})292 cos® ().
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Then, we obtain the squared norms of the diagonals of this single (2 x 2 x 2)
tensor

|(D)111 2 + [(D)222]* = ([(T1)111]* + [(T1)222]?) (cos®(a) + sin®(a))
+ 2.25 (|(Tz)112‘2 + ‘(Tl)222|2) sin2(a)
+ 3 Re {(T1)222(T1)5206"? — (T0)111(T0) 106 79} sin(2a) cos(2a)

+ 1.5 Re {(T1)111(T1) {00 7%? + (T1)202 (T1)}1,€7%} sin’(2av)
(10)

which can be written
|(D)111]* + |(Dy)2ze)* = u” By u (11)

where u is a real (3 x 1) vector such that u"u = 1 and defined by (@), and B; is
a real symmetric matrix (3 x 3) defined by

B = [(T) 111> + [(T1)222]?
(Bi)12 = —1.5 Im {(T1)222(T1)T92 + (Ti)111(To) 12}
(Bi)13 = 1.5 Re {(T1)222(T1)725 — (To)111(T0)712}
(Bi)22 = 0.25 (|(To)111]* + [(T1)222/?)
+2.25 (|(T0)112)* + [(T0)122/?) (12)
—1.5 Re {(T1)111(T1) 720 + (T1)222(T1)712}
(Bi)2s = 1.5 Im {(T1)111(T1)722 — (T1)222(T1)712}
(By)ss = 0.25 (|(Ty)111]* + [(T1)222/?)
+2.25 (|(Ti)112]* + [(Ti)122f?)
+1.5 Re {(T1)111(T1)T22 + (T1)222(T0)712}

So, the maximization of the sum of the squared norms of the diagonals of the
set of tensors {D;} is obtained by

N1

Z |(Dy)111> + [(Dy)222]* = u” By u (13)
=1

where the real matrix By is defined by

Ny
B:=)» B (14)
=1

which completes the proof of proposition.
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The maximization of the criterion in (@) can be easily find by computing
the eigenvector associated with the largest eigenvalue and then the angles are
obtained using

1
cos(a) \/11—1— 2u(1) 1)

sin(o) exp(je) = , o (u(3) 5 u(2)
with a € [-7/4,7/4].
Finally, the unknown unitary matrix U is obtained from the accumulation of
the successives Jacobi matrix which are taken transposed and conjugated.

2.2 The General Algorithm

In general one has to use all available useful statistics to solve a problem. Hence
we propose to combine by an optimal way our hereabove developments with
them of the STOTD algorithm [3]. As now seen, this can be done very easily.
For third order tensors that can be decomposed as in (@), it was shown in [3],
that in the case of N = 2, the criterion in (@) is written as

C(U,{T}) = u"Byu (16)

where Bs is a real symmetric matrix.

Hence an optimal combination of the two kind of tensors can be considered
altogether by simply searching the eigenvector of (1 — A)B; + A B associated
with the largest eigenvalue, where X is a real parameter with A € [0 1].

We can see that A = 0 corresponds to the “non circular” algorithm called
NC-STOTD and A =1 corresponds to the STOTD algorithm.

In this paper, the optimal coefficient A\ will be found by simulations (in fact
it would be possible to propose to find it by the minimization of a norm of the
covariance matrix from the parameters a and ¢).

3 Link with Source Separation

In the source separation problem, an observed signal vector x[n] is assumed to
follow the linear model

x[n] = As[n] (17)

where n € Z is the discrete time, s[n] the (N, 1) vector of N # 2 unobservable
complex input signals s;[n], ¢ € {1,..., N}, called sources, x[n| the (N, 1) vector
of observed signals z;[n], ¢ € {1,..., N} and A the (I, N) square mixing matrix
assumed invertible.

It is classical to consider that the sources s;[n], with ¢ € {1,...,N}, are
zero-mean, unit power, stationary and statistically mutually independent.
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We also assume that the sources possess non zero high order cumulant (of

order under consideration) i.e. Vi € {1,..., N}, the R-th cumulant
Cum{s;[n],...,si[n]} = Cr{si} (18)
~ ~ -
R terms

is non zero for all 7 and for a fixed R > 3.

We also assume that the matrix A is unitary. This can always be done as-
suming that a first whitening stage is applied onto the observations.

The blind source separation problem consists now in estimating a wunitary
matrix H in such a way that the vector

yln] = Hx[n] (19)

restores one of the different sources on each of its different components.

Perhaps one of the most useful way to solve the separation problem consists
in the use of a contrast functions. They correspond to objective functions which
depend on the outputs of the separating system and they have to be maximized
to get a separating solution. Let us now propose the following result.

Proposition 2. Let R be an integers such that R > 3, using the notation

CR{yuiuj} = Cum{yiuyivyiuyju"'vij73} (20)
~ ~ -
R—3 terms

the function
N

Tay)= Y ICrly.if}f (21)

4,51, JR—3=1
s a contrast for white vectorsy.

The proof is reported in a forthcoming paper. Now we show that contrast Jr(y)
is linked to a joint-diagonalization criterion of a set of symmetric third order
tensor. Such a joint-diagonalization criterion is defined as in (). This equivalence
is given according to the following result.

Proposition 3. With R > 3, let Tg be the set of M = NT~3 third order tensors

TG, Jr-3) = (Tijk(,- -, jr-3))
defined as

Ti,j,k(jl; e ,jR,3) = Cum{xi, $j71'}c, mj“. cey "Eija} . (22)
~ ~ -
R—3 terms

Then, if H is a unitary matriz, we have
C(H,Tg) = Jr(Hx) . (23)

Hence the joint-diagonalization of third order symmetric tensors is a sufficient
condition for separation. Moreover different order of cumulant can be considered
onto the same framework.
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4 Simulations

We illustrate the performances of the proposed algorithm in comparison with
the STOTD algorithm (case where A = 1) and the NC-STOTD one (case where
A = 0) by Monte Carlo simulations in which we average over 500 iterations. In
our experiment, we consider two independent complex source signals which are
non circular and two noisy mixtures. We have taken the mixing matrix unitary
to avoid the whitening step which may degrade the performances.

The objective is to emphasize the existence of an optimal parameter A which
allows an optimal performance of the general algorithm.

We get into two situations: one with the 5 states source distribution S; de-
fined as:

: I T T 1
{=1;—4;0; 8; j8} with the probabilities {2(1+6)’ I ﬁg aaas); 26(1+B)}

and the other one with the 4 states source distribution Sy defined as:
{=1;—4;0; 8; j * B} with uniform probabilities.

These two sources are non-circular and in S; the parameter § may be chosen
such that the cumulant C9{-} is more weighty than the cumulant C3{-} while
in Sy whatever the parameter 3, the cumulant C2{-} is more weighty than the
cumulant C9{-}.

At each process, we take 10000 samples for each of the chosen source and we
take the same unitary mixing 2-by-2 matrix. The noise distribution is a zero-
mean Gaussian distribution. The signal to noise ratio (SNR) goes to obtain a
power of noise equal to: 0, 1/8, 1/4, 1/2 and 3/4 of the power of the source
signal. In order to find the optimal coefficient we vary A from 0 to 1 with a 1/40
step.

We consider the following index of performance [4] which evaluates the prox-
imity of the estimated matrix A, which is the separating matrix to the mixing
matrix A:

) (AA); 2 - M _
R |

i=1 Jj=1

with N the dimension of the considered matrix BA.

In Figll] and Figl2l we plot for different power of noise this index of perfor-
mance for the general algorithm called G-STOTD versus .

First, we can see in the two cases S; and Ss that it exists an optimal coeffi-
cient A\ which gives a better performance that the STOTD and the NC-STOTD
algorithms. So, we can tell that combining in an optimal way the statistics of
symmetry allows to improve the results of the ICA algorithm in the case of
non-circular sources.
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Conclusion

This paper propose a new general algorithm of joint diagonalization of com-
plex symmetric third-order tensors that allow not only to improve the STOTD
algorithm but opens new perspectives for non-circular sources.
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Abstract. We propose a new algorithm to impose independence con-
straints in one mode of the CP model, and show with simulations that
it outperforms the existing algorithm.

1 Introduction

One of the most fruitful tools in linear algebra-based signal processing is the Sin-
gular Value Decomposition (SVD) (@) Most other important algebraic concepts
use the SVD as building block, generalise or refine this concept for analysing
quantities that are characterised by only two variables. When the data has an
intrinsically higher dimensionality, higher-order generalizations of the SVD can
be used. An example of a multi-way decomposition method is the CP model
(also known as Canonical Decomposition (CANDECOMP) (3) or Parallel Fac-
tor Model (PARAFAC) (5)). Recently, a new interesting concept arose in the
biomedical field. In @), the idea of combining Independent Component Analysis
(ICA) and the CP model was introduced. However, the multi-way structure was
imposed after the computation of the independent components. In this paper, we
propose an algorithm to impose the CP structure during the ICA computation.
We also performed some numerical experiments to compare our algorithms to
the algorithm proposed in (El)
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1.1 Basic Definitions

Definition 1. A 3rd-order tensor 7 has rank 1 if it equals the outer product of 3
vectors Ay, By, Cr: tiji = azbjcy for all values of the indices. The outerproduct
of Al, Bl and 01 is denoted by A1 o Bl o Cl.

Definition 2. The rank of a tensor is defined as the minimal number of rank-1
terms in which the tensor can be decomposed.

Definition 3. The Kruskal rank or k-rank of a matrix is the maximal number r
such that any set of r columns of the matrix is linearly independent.

Definition 4. The Frobenius norm of a tensor 7 € RI*/*K ig defined as
J K
1Tlr = Q23D i) (1)
i=1 j=1 k=1
Notation Scalars are denoted by lower-case letters (a, b, ...), vectors are

written as capitals (A, B, ...) (italic shaped), matrices correspond to bold-face
capitals (A, B, ...) and tensors are written as calligraphic letters (A, B, ...).
This notation is consistently used for lower-order parts of a given structure. For
instance, the entry with row index ¢ and column index j in a matrix A, i.e.
(A);j, is symbolized by a;; (also (A); = a; and (A)i iy...in = Giyis..in ). The ith
column vector of a matrix A is denoted as A;, i.e. A = [A; 45 .. ]. Ttalic capitals
are also used to denote index upper bounds (e.g. i = 1,2,...,I).
® is the Khatri-Rao or column-wise Kronecker product.

1.2 Independent Component Analysis
Assume the basic linear statistical model
Y=M-X+N (2)

where Y € R’ is called the observation vector, X € R’ the source vector and
N € R additive noise. M € R7*” is the mixing matrix.

The goal of Independent Component Analysis is to estimate the mixing matrix
M, and/or the source vector X, given only realizations of Y. In this study, we
assume that I > J.

Blind identification of M in (2]) is only possible when some assumptions about
the sources are made. One assumption is that the sources are mutually statisti-
cally independent, as well as independent from the noise components and that
at most one source is gaussian (ﬁ .

For more details, we refer to (Iﬁ; )

1.3 The CP Model

The model. The CP model (B; E; @) of a three-way tensor 7 € RIX/XK jg
a decomposition of 7 as a linear combination of a minimal number R of rank-1
terms:

R
T=) MA 0B, oC, (+£) (3)

r=1
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A pictorial representation of the CP model for third-order tensors is given in
figure [l

T|)- iy

Fig. 1. Pictorial representation of the CP model

Consider a third-order (I x J x K) tensor 7 of which the CP model can be
expressed as

R
tijk: = Z airbjrckra Vi, g,k (4)
r=1

in which A € R/ B € R/*E and C € RE*®, Another equivalent and useful

expression of the same CP model is given with the Khatri-Rao product. We

assume that min(I.J, K) > R.
Associate with 7 a matrix T €

(T) =1y 744,k = Tij- (5)

This matrix has following structure:

RIJXE 45 follows:

T=(AoB) C’. (6)

Comparing the number of free parameters of a generic tensor and the CP
model, it can be seen that this model is very restricted. The advantage of this
model is its uniqueness under mild conditions (El; @)

ranky (A) 4 ranky (B) + rank; (C) > 2R + 2 (7)
with ranky(A) the k-rank of matrix A and R the rank of the tensor.
Computation of the CP decomposition. Originally, an alternating least-

squares (ALS) algorithm was proposed in order to minimize the least squares
cost function for the computation of the CP decomposition:

min_||T — A(B ® C)T2. (8)
A.B,C

Due to the symmetry of the model in the different modes, the updates for all
modes are essentially identical with the role of the different modes shifted. As-
sume that B and C are fixed, the estimate of the other can be optimized with
a classical linear least squares problem:

min||X — AZ? ()
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where Z equals B ® C. This has to be repeated until convergence while matrices
in other modes are kept fixed in order to compute all factors of the decomposition.

Afterwards, it was also shown that the CP decomposition can be in theory
computed from an eigen value decomposition (EVD) (Iﬂ; @) under certain as-
sumptions among which the most restricting is that R < min{/, J}. This results
in a faster computation. However, when the model is only approximately valid,
this will only form the initialization of the ALS-procedure.

In ), it is shown that the computation of the CP model, based on a si-
multaneous EVD is actually more robust than a single EVD. This again implied
the rank condition R < min{/, J}. As we will need this algorithm in the further
developments, we review the computational scheme here. Substitution of (&) in
) shows that any vector in the range of T, can be represented by an I x J
matrix that can be decomposed as:

V=A D B (10)
with D diagonal. If the range is spanned by K matrices V1, Vs, ..., Vg, the

computation of the canonical decomposition can be obtained by the simultaneous
decomposition of the set {Vi}1<r<k)-

V,=A-D;-B” (11)
V,=A-D, -B” (12)
Vi =A -Dg-B” (13)

The best choice for these matrices in order to span the full range of this mapping
consists of the K dominant left singular matrices of the mapping in (&) (IE)
In order to deal with these equations in a numerical proper way, the problem
can be formulated in terms of orthogonal unknowns (Iﬁ; m) Introducing a
QR-factorization A = QTR and an RQ-factorization BT = RZ”, leads to a
simultaneous generalized Schur decomposition:

QViZ=R-D; R (14)
QV2Z=R-D; R (15)
QVxZ =R -Dg-R. (16)

This simultaneous generalized Schur decomposition can be computed by an ex-
tended QZ-iteration (17).

Recently, in (E) it is shown that the canonical components can be obtained
from a simultaneous matrix diagonalization with a much less severe restriction
on R.
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2 Combination of ICA and CP Model

In this section, we review the tensorial extension of ICA (§2.1), called ’tensor
pICA’, as it was introduced by Beckmann (m) Then we present a new algo-
rithm to compute the CP decomposition of a tensor 7 where independence is
imposed to the factors in one mode (§2.2). For notational convenience, we will
restrict us to the three-way real case, but generalization to higher dimensions or
complex tensors is straightforward. In the following, we always assume that the
components of the third mode are independent. Due to the symmetric structure
of the PARAFAC model, equivalent equations can be derived for the other two
modes.

In formulas, we consider the matricized version of the real tensor 7', given by
equation (B) where matrix C contains the independent source values, and the
mixing matrix M equals (A ® B).

2.1 Tensor pICA

In @), a generalization of the standard bilinear (two-way) exploratory analysis
to higher dimensions was derived as follows.

1. Perform an iteration step for the decomposition of the full data using the
twodimensional probabilistic ICA approach for the decomposition into a
compound mixing matrix M’?*® and the associated source signals C**%:
XK — MCT + By

2. Decompose the estimated mixing matrix M such that M = (A ® B) + E,
via a column-wise rank-1 eigenvalue decomposition: each column in (A ® B)
is formed by K scaled repetitions of a single column from A. In order to
obtain A and B, the matrices G1,...,Gr € R’*7 can be introduced as

(Gr)ij = m(i—l)J+j,r Viajvr (17)

A, and B, can then be computed as the dominant left and right singular
vector of Gy, 1 <r < R.

3. iterate decomposition of X'7/*¥ and M untill convergence, i.e. when || A" —
AoldHF + HBneW _ BoldHF + chew _ ColdHF <e.

2.2 ICA-CP

The ordinary ICA problem is solved by diagonalising the fourth-order cumulant
(@) This cumulant can be written as following CP decomposition:

R
0154) - Z er MT’ o Mr o MT’ o MT (18)

r=1

With a mixing matrix M = A ® B, this fourth-order cumulant can be expressed
as an eighth-order tensor with CP structure:

R
CZSS):Z/{wTAToBToATOBToATOBTOATOBT (19)

r=1
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This can be seen as follows.

Define matrices Eq,...,Er € R/ as
(Er)ij = MG—1)J4j,r Vi, j,r (20)
When the model in (@) is exactly satisfied, E, can be decomposed as
(E;)=A.B"  r=1,....R (21)

which explains the CP decomposition in equation (I9]).

This CP decomposition can be computed in different ways, depending on the
rank R of the tensor. It is even not necessary to compute the full decomposition.
Once A and B are known, the mixing matrix (matrix A ® B) can be computed
and the independent sources can be estimated from equation (@).

Rank R restricted by R < min{I,J}. In order to compute the mixing
matrix (A ©B) from (), associate a matrix H € RT7*°7* with Cl(,s) as follows:

H (1) 744, (b 1) 1275 (1= 1) 12024 (m—1) T2+ (n— 1) 1T+ (0—1) I +p = (CS)ijktmmop (22)

This mapping can be represented by a matrix H € RITXI®T,

H=(A®B)-A- (A®BoA®BoAGB). (23)

with A = diag{k1,...,kr}. Substituting 22 in (I9) shows that any vector in
the range of C@(}s) can be represented by an (I x J) matrix that can be decomposed

as:
V=A.D B’ (24)

with D diagonal. Any matrix in this range can be diagonalized by congruence
with the same loading matrices A and B. A possible choice of {Vi}<r<k)
consist of 'matrix slices’ obtained by fixing the 3rd to 8th index. An optimal
approach would be to estimate the R dominant left singular values of ([23]). The
joint decomposition of the matrices {Vy}a<r<i) Will give a set of equations
similar to equations () - ([I3). We have explained in §1.3 how to solve these
equations simultaneously.

3 Numerical Experiments

In this section we illustrate the performance of our algorithm by means of nu-
merical experiments and compare it to ‘tensor pICA’.

Rank-R tensors 7 € R?*3%100 of which the components in the different modes
will be estimated afterwards, are generated in the following way:

T N N
ON )
lealv IWVIlF
in which 7 exactly satisfies the CP model with R = 3 independent sources in

the third mode (C) and A represents gaussian noise. All the source distributions
are binary (1 or -1), with an equal probability of both values. The sources are

T = (25)
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zero mean and have unit variance. The entries of the two other modes (A and
B) are drawn from a zero-mean unit-variance gaussian distribution.

We conduct Monte Carlo simulations consisting of 500 runs. We evaluate the
performance of the different algorithms by means of the normalized Frobenius
norm of the difference between the estimated and the real sources:

_[c-CllF

errorc = 26
°= ol (26)

In figure 2l we plot the mean value of the 500 simulations. The previously pro-
posed method tensor pICA is clearly outperformed by the new algorithm.

0.9

08l |—e—Icacp 27
— & —tensor pICA -

0.6
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0.4r

errorC

0.3r s

0.1r 7

o ‘ ‘ ‘
log'c
g0y

Fig. 2. The mean value of errorc as a function of the noise level oy for the algorithms
ICA-CP (solid) and tensor pICA (dash-dash)

4 Conclusion

We proposed a new algorithm to impose the CP structure already during the ICA
computation for the case that the rank R was restricted by R < min{I, J}. We
showed with simulations that by taking this structure into account, the algorithm
outperformed tensor pICA. A follow-up paper will discuss an algorithm for the
case the rank R > min{I, J}. For a detailed comparison between CP and the
combination of ICA-CP, we refer to (16).
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Abstract. In this work, we deal with blind source separation of a class
of nonlinear mixtures. The proposed method can be regarded as an adap-
tation of the solutions developed in [II2] to the considered mixing system.
Also, we provide a local stability analysis of the employed learning rule,
which permits us to establish necessary conditions for an appropriate
convergence. The validity of our approach is supported by simulations.

1 Introduction

The problem of blind source separation (BSS) concerns the retrieval of an un-
known set of source signals by using only samples that are mixtures of these
original signals. A great number of methods has been proposed for the case
wherein the mixture process is of linear nature. The cornerstone of the majority
of these techniques is the independent component analysis (ICA) [3]. In contrast
to the linear case, the recovery of the independence, which is the very essence of
ICA, does not guarantee, as a rule, the separation of the sources when the mix-
ture model is nonlinear. In view of this limitation, a more reasonable approach
is to consider constrained mixing systems as, for example, post-nonlinear (PNL)
mixtures [4] and linear-quadratic mixtures [2].

In this work, we investigate the problem of BSS in a particular class of nonlin-
ear systems which is related to a chemical sensing application. More specifically,
the contributions of this paper are the adaptation of the ideas presented in [I2]
to the considered mixing system, as well as a study on some necessary con-
ditions for a proper operation of the obtained separating method. Concerning
the organization of the document, we begin, in Section 2l with a brief descrip-
tion of the application that has motivated us. After that, in Section B we ex-
pose the separation method and also a stability analysis of the learning rule. In
Section @] simulations are carried out in order to verify the viability of the pro-
posal. Finally, in Section [l we state our conclusions and remarks.

2 Motivation and Problem Statement

The classical methods for chemical sensing applications are generally based on

the use of an unique high-selective sensor. As a rule, these techniques demand

* Leonardo Tomazeli Duarte would like to thank CNPq (Brazil) for the financial
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sophisticated laboratory analysis, which makes them expensive and time con-
suming. An attractive alternative to these methods relies on the use of an array
of less-selective sensors combined with a post-processing stage whose purpose is
exactly to extract the relevant information from the acquired data.

In [BJ6], post-processing stages based on BSS methods were considered in the
problem of estimating the concentrations of several ions in a solution. In this sort
of application, a device called ion-sensitive field-effect transistor (ISFET) [5] may
be employed as sensor. In short, the ISFET is built on a MOSFET by replacing
the metallic gate with a membrane sensitive to the ion of interest, thus permitting
the conversion of chemical information into electrical one.

The Nikolsky-Eisenman (NE) model [B] provides a very simple and yet ade-
quate description of the ISFET operation. According to this model, the response
of the i-th ISFET sensor is given by:

€T, = Ci1 + Cio log (Si + Z aij8;j>7 (]_)

JiJ e

where s; and s; are the concentration of the ion of interest and of the concen-
tration of the j-th interfering ion, respectively, and where z; and z; denote the
valence of the ions ¢ and j, respectively. The selective coefficients a;; model the
interference process; ¢;;1 and c¢;o are constants that depends on some physical
parameters. Note that when the ions have the same valence, then the model ()
can be seen as a particular case of the class of PNL systems, as described in [6].

In the present work, we envisage the situation in which z; # z;. According
to the NE model, one obtains a tough nonlinear mixing model in this case. For
the sake of simplicity, we assume, in this paper, that the coefficients ¢;; and c¢;2
are known (even if their estimations are not so simple). Considering a mixture
of two ions, such simplification leads to the following nonlinear mixing system
that will be considered in this work

_ k
T1 = S1 +a128% 7 )
To = S2 + a15f
where k = z1/22 and is known. We consider that k takes only positive integer
values. Indeed, in many actual applications, typical target ions are H30", NH,
Ca?t, Kt etc. Consequently, many cases correspond to k € N and, in this paper,
we will focus on this case. Also, the sources are supposed positives, since they
represent concentrations. Finally, it is assumed that s; are mutually independent,
which is equivalent to assume that there is no interaction between the ions.

3 Separation Method

For separating sources s; from mixtures (), we propose a parametric recursive
model (see ([B]) below), whose parameters w;; will be adjusted by a simple ICA
algorithm. Consequently, equilibrium points and their stability are depending
both on a structural condition (due to the recursive nature of ([@l)) and on the
learning algorithm, as explained in subsection
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3.1 Separating Structure

In this work, we adopted the following recurrent network as separating system:

yi(m+1) = 21 — wigyz(m)* 3)

ya(m +1) = z9 — wory1 (m) &’

where [w12 wzﬂT are the parameters to be adjusted. In order to understand

how this structure works, let s = [s1 s2]” denote a sample of the sources. By
considering (@), one can easily check that when [w12 w21]T = [a12 a2:1]T, then s
corresponds to an equilibrium point of ([3)). This wise approach to counterbalance
the action of the mixing system without relying on its direct inversion was firstly
developed in [I] regarding linear BSS. Its extension to the nonlinear case was
proposed in [2], in the context of source separation of linear-quadratic mixtures.

Naturally, an ideal operation of (B]) as a separating system requires that
s = [s1 s2]7 be the only equilibrium point when [wi2 wa2;1]T = [a12 ag1]?. Unfor-
tunately, this is not the case as can be checked by setting y1 (m+1) = y1(m) = y1
and ya(m + 1) = ya(m) = y2 in [@). From this, one observes that the determi-
nation of the equilibrium points of ([B]) leads to the following equation:

k
Y1 =21 — Q12 (CE2 - a21y§1/k)> : (4)
After straightforward calculation, including a binomial expansion, @) becomes
it S
(1+ aizbo)ys + a2 Y biyy * + (a12br — 1) =0, (5)
i=1

where b; = (}z)xé(—agl)(k’i).

By considering the transformation u = yl’lc in (@), one can verify that the
solution of this expression is equivalent to the determination of the roots of a
polynomial of order k£ and, as a consequence, the number of equilibrium points
grows linearly as k increases. Thus, it becomes evident that the use of (@) is
appropriate only for small values of k. For instance, when k = 2 there are
just two equilibrium points: one corresponds to the sources themselves and the
other one corresponds to a mixture of these sources. In the next step of our
investigation, we shall verify the conditions to be satisfied so that the equilibrium
point associated with the sources be stable.

In view of the difficulty embedded in a global analyze of stability, we consider
the study of the local stability in the neighborhood of the equilibrium point
s = [s1 s2]T based on the first-order approximation of the nonlinear system (3]).
This linearization can be expressed by using a vectorial notation as follows:

yim+1)~c+ Jy(m), (6)
where y(m) = [y1(m) y2(m)]T, ¢ is a constant vector and J is the Jacobian
matrix of ([B]) evaluated at [s; so]”, which is given by:

0 —alzks(kfl)
D @

—kaglsl 0
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It can be proved that a necessary and sufficient condition for local stability of

a discrete system is that the absolute values of the eigenvalues of the Jacobian

matrix evaluated at the equilibrium point of interest be smaller than one [7].

Applying this result on (), the following condition of local stability is obtained:

p=1) g

|a12a2155" )Sg 1| < 1. (8)

This is a first constraint of our strategy, given that this condition must be satis-

fied for each sample [s; s2]”. In order to illustrate this limitation, the stability
boundaries in the (aj2, a21) plane for several cases are depicted in Figure [

(a) Influence of k: sources dis- (b) For k = 2: sources distributed
tributed between (0.1,1.1) with between (0.1,1.1) (solid) and be-
k =2 (solid) and k = 3 (dash) tween (0.2,2.2) (dash)

Fig. 1. Stability boundaries in the (a12, a21) plane

3.2 Learning Algorithm

We consider a learning rule founded on the cancellation of nonlinear correla-
tions, given by E{f(yi)g(y;)}, between the retrieved sources [I]. The following
nonlinear functions were chosen: f(-) = (-)3 and g(-) = (-). Therefore, at each
time n, the iteration of the separating method consists of: 1) the computation
of y;, for each sample of the mixtures, according to the dynamics (@) and 2) the
update of the parameters w;; according to:

wia(n + 1) = wia(n) + nE{yivs} )
w1 (n +1) = wai(n) + pE{y3:}’

where p corresponds to the learning rate Eﬂ yo2]T denotes the equilibrium point
of @) and ¥; is a centering version of yj_il One can check] that @) converges

! More specifically, we adopt the following notation 77 =y — E{y!'}.

2 Given that the signals are not supposed zero-mean, the centering of one the variables
in (@) is necessary, so that it converges when y; and y» are mutually independent.

3 Note that @) converges when E{y}7;} = E{viy;} — E{y}} E{y;} = 0.
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when E{yiys} = E{y{}E{y2} and E{y3y1} = E{y3}E{y1}. Obviously, these
conditions are only necessary ones for the statistical independence between the
sources and, as a consequence, there may be particular sources for which such
strategy fails. On the other hand, this strategy provides a less complex algorithm
than those that deal directly with a measure of statistical independence.

In the last section, a stability condition concerning the separation structure
was provided. Likewise, as it will be seen in the sequel, it is possible to analyze the
stability of the learning rule (@)). This study will permit us to determine whether
the separating equilibrium point, i.e., [wi2 wo1]? = [a12 a21], corresponds to a
stable one and, as a consequence, whether it is attainable for the learning rule.

3.3 Stability Analysis of the Learning Rule

According to the ordinary differential equation theory, it is possible, by assuming
that p is sufficiently small, to rewrite ([@) as:

dw12 3
=F
dt {yiya}
dw21 3
=F . 1
= Elyim) (10)

A first point to be stressed is that the determination of all equilibrium points
of (I0) is a rather difficult task. Even when k = 1 in (Z), which corresponds to
the linear BSS problem, this calculation demands a great deal of effort [§].

Secondly, we are interested in the stability of the point [wia wa1]T = [a12 a21]7,
but one must keep in mind that there are structural conditions to be assured so
that it corresponds to an equilibrium point of (I)). For example, when k = 2, we
observed through simulations that this ideal adjustment of the separating system
usually guarantees the separation of the sources when the local condition (§]) is
satisfied. Thus, in this situation and under the hypothesis of independent sources,
it is assured that E{y}y;} = E{s}5;} = 0.

As in Section B the local stability analysis is based on a first-order approx-
imation of (I0). However, since we are dealing with a continuous dynamics in
this case, a given equilibrium point of the learning rule is locally stable when
the real parts of all eigenvalues of the Jacobian matrix are negatives [7]. After
straightforward calculations, one obtains the Jacobian matrix evaluated at the
equilibrium point [a12 az]T

_ 9 -3 0 = 0 ~3 0
_ | (BE{yin: %5’112} + E{7} %ffz }) BE{yiy2 %5;1 b+ B{g} %i,"‘l 1)
(BE{w3m 522} + E{3 52 }) BE{w3mr 522 } + E{53 52" })

]T

(11)

Note that, assuming an ideal operation of the separating system, [y y2]’ could
be replaced by [s1 s2]7, which permits us to express the stability conditions
of @) in terms of some statistics of the sources.

The entries of the Jacobian matrix can be calculated by applying the chain
rule property on (B]). For instance, it is not difficult to verify from that:

o

_1 Oy2

k k—1

= — + k . 12
daty (Y5 + aizkys ) (12)

8&12
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Given that 5 . 5
Y2 i—1 0Y1
=—_a , 13
6(112 k 2191 8&12 ( )
and substituting this expression in ([I2]), one obtains:
O _ s (14)
= T
daiz 1 _ arzaziyf  ys
By conducting similar calculations, one obtains the other derivatives:
p—1
ay? o a21y1k yé (15)
B s
0012 k(1 — apsamys " 'y5 )
1
8y1 o ka12y1k y,2€_1 (16)
o P
0021 1 — appanyt yh
1
Oya —y{ (17)
o P
0021 1 — appamyl yh

As it would be expected, when k = 1, one obtains from the derived expressions
the same conditions developed in [§] and [9] for the stability of the Hérault-Jutten
algorithm for linear source separation.

4 Experimental Results

Aiming to assess the performance of the proposed solution, experiments were
conducted for the cases k = 2 and k = 3. In both situations, the efficacy of the
obtained solutions was quantified according to the following index:

SNR; = 10log (E{(i{ii;i)2}> . (18)

From this, a global index can be defined as SNR = 0.5(SN Ry + SNRy).

k = 2. In a first scenario, we consider the separation of two sources uniformly
distributed between [0.1, 1.1]. The mixing parameters are given by a1z = 0.5 and
az1 = 0.5; a set of 3000 samples of the mixtures was considered and the number of
iterations regarding the learning algorithm (@) was defined to 3500 with 1 = 0.05.
The initial conditions of the dynamics (B]) were chosen as [y1(1) y2(1)]T = [0 0]%.
The results of this first case are expressed in the first row of Table[l In Figure[2]
the joint distributions of the mixtures and of the retrieved signals are depicted
for a typical case (SNR = 35dB). Note that the outputs of the separating
system are almost uniformly distributed, which indicates that the separation
task was fulfilled. Also, we performed experiments by considering on each sensor
an additive white Gaussian noise with a signal-to-noise ratio of 17dB. The results
for this second scenario are depicted in the second row of Table [l
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Table 1. Average SNR results over 100 experiments and standard deviation (STD)

SNR; SNRy SNR STD(SNR)

k =2 (Scenario 1) 37.18 33.05 35.12 8.90
k = 2 (Scenario 2) 17.98 15.35 16.67  1.72
k =2 (Scenario 3) 36.49 31.84 34.17  4.92
k = 3 (Scenario 1) 22.46 21.04 21.75 5.02

18
16F
14}

1.2p

0.8
06

0.4 58

0.2
0 0.2 0.4 0.6 08 1 12 14 16 18 0 0.2 0.4 0.6 08 1 12

(a) Mixed signals (b) Retrieved signals

Fig. 2. First scenario - k =2

A third scenario was composed by a uniformly distributed source between
[0.3,1.3] and a sinusoidal source varying in the range [0.2,1.2]. In this case, the
mixing parameters are given by a;2 = 0.6 and as; = 0.6 and the constants
related to the separating system were adjusted as in the first experiment. Again,
the separation method was able to separate the original sources, as can be seen
in the third row of Table [I

k = 3. The problem becomes more tricky when k& = 3. Firstly, we observed
through simulations that, even for a separating point [wiz wa1]? = [a12 a21]T
that satisfies the equilibrium condition (§), the structure [B]) does not guarantee
source separation, since there can be another stable equilibrium solution that has
no relation with the sources. In this particular case, we observed, after performing
some simulations, that the adopted network may be attracted by a stable limit
cycle and, also, that it is possible to overcome this problem by changing the
initial conditions of (Bl when a periodic equilibrium solution occurs.

A second problem in this case is related to the convergence of the learning
rule. Some simulations suggested the existence of spurious minima in this case.
These two problems result in a performance degradation of the method when
compared to the case k = 2, as can be seen in the last row of Table [l In this
case, we considered a scenario with two sources uniformly distributed between
[0.3,1.3] and mixing parameters given by a1 = 0.5 and az; = 0.5. The initial
conditions of (@) were defined as [0.5 0.5]7. Also, we considered 3000 samples of
the mixtures and 10000 iterations of the learning algorithm with p = 0.01.
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5 Conclusions

The aim of this work was to design a source separation strategy for a class of
nonlinear systems that is related to a chemical sensing application. Our approach
was based on the ideas presented in [TJ2] in such a way that it may be viewed as an
extension of these works to the particular model considered herein. Concerning
the proposed technique, we investigated the stability of the separation structure
as well as the stability of the learning algorithm. This study permitted us to
obtain necessary conditions for a proper operation of the separation method.
Finally, the viability of our approach was attested by simulations.

A first perspective of this work concerns its application in a real problem of
chemical sensing. Also, there are several questions that deserve a detailed study
as, for example, the design of algorithms that minimizes a better measure of
independence between the retrieved sources (e.g. mutual information), including
an investigation of the separability of the considered model. Another envisaged
extension is to provide a source separation method for the most general case
of the Nikolsky-Eisenman model, which is given by ({): 1) by considering the
logarithmic terms; and 2) by considering the cases k € Q. Actually, preliminary
simulations show that our proposal works for simple cases in k& € Q, such as
k =1/3 and k = 2/3. However, there are tricky points in the theoretical analysis
conducted in this paper that are not appropriate to this new situation.
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Abstract. Independent Subspace Analysis (ISA) is a generalization of
ICA. It tries to find a basis in which a given random vector can be de-
composed into groups of mutually independent random vectors. Since
the first introduction of ISA, various algorithms to solve this problem
have been introduced, however a general proof of the uniqueness of ISA
decompositions remained an open question. In this contribution we ad-
dress this question and sketch a proof for the separability of ISA. The key
condition for separability is to require the subspaces to be not further
decomposable (irreducible). Based on a decomposition into irreducible
components, we formulate a general model for ISA without restrictions
on the group sizes. The validity of the uniqueness result is illustrated on
a toy example. Moreover, an extension of ISA to subspace extraction is
introduced and its indeterminacies are discussed.

With the increasing popularity of Independent Component Analysis, people
started to get interested in extensions. Cardoso [2] was the first to formulate
an extension denoted here as Independent Subspace Analysis. The general idea
is that for a given observation X we try to find an invertible matrix W such that
WX = (ST,...,8T)T with mutually independent random vectors S;. If all S;
are one-dimensional, this is ICA, and we have the well-known separability results
of ICA [3]. However without dimensionality restrictions, if mutual independence
of the vectors S; is the only restriction imposed on W, ISA cannot produce
meaningful results: if W simply is the identity and £ = 1, then S; = X, which is
independent of the (non-existing) rest. So, further restrictions are required for a
meaningful model. A common approach is to fix the group size in advance, see [5]
for a short review of ISA models. Here, we propose a more general concept based
on [B], namely irreducibility of the recovered sources S; that is the requirement
that any S; cannot be further decomposed. Our main contribution is a sound
proof for the separability of this model together with a confirming simulation,
thereby giving the details for the proposed ISA model from [5].

The manuscript is organized as follows. In the next section, we motivate the
existence of such a separability result by studying a toy example. Then we give
the sketch of the proof, and finally extend it to blind subspace extraction.

M.E. Davies et al. (Eds.): ICA 2007, LNCS 4666, pp. 49-[561 2007.
© Springer-Verlag Berlin Heidelberg 2007
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1 DMotivation

Usually ISA is seen as a byproduct of ICA algorithms, which are assumed to
decompose signals into components ‘as independent as possible’; the compo-
nents are then simply sorted to give a decomposition into higher-dimensional
subspaces. However this approach is not as straight-forward as it might seem,
as, strictly speaking, if ICA is performed on a data set that cannot be completely
decomposed into one-dimensional independent components, we are applying ICA
to a data set that does not follow the ICA model and have no theoretical results
predicting the behavior of ICA algorithms. Here we present some simulations,
which give a hint that indeed ISA might not be so unproblematic.

We generated a toy data set consisting of two independent sources, each of
which were not further decomposable. The first data set consisted of a wireframe
model of a 3-dimensional cube, the second data set was created from a solid
2-dimensional circle, see figure [[I We uniformly picked N = 10.000 samples
and mixed them in batch runs by applying M = 200.000 uniformly sampled
orthogonal matrices. The 200.000 matrices were sampled, by choosing random
matrices B with entries normally sampled with mean 0 and variance 1, which
then were symmetrically orthogonalized by A = (BBT)~%°B. A mixture with
an orthogonal matrix deviating from the block-structure should also deviate from
independence within the blocks. As an ad-hoc measure for dependence within
the blocks, we used the forth-order cumulant tensor:

3 5 5 5
=D 330D eum*(Xi, X, X, X))

j=4 k=1 1=1

-
Il
—

<

This is motivated by the well-known and in ICA often used fact that the crosscu-
mulant tensor is zero, i.e. cum?(Y1,Ys,Y,,Y,) =0, if Y; and Y3 are indepen-
dent. We measured the deviation of our mixing matrices from block-structure
by simply taking the Frobenius-norm of the off-block-diagonal blocks:

5

2322(1 +a

=1 j=4

If ISA actually guarantees a unique block-structure in fourth order, we should
get a dependence of 0 only if the mixing matrix itself is block-diagonal that is if
off A = 0. However, due to sampling errors, this is of course never reached, so we
estimate the minima of épy. Figure 2] shows the relation of off A and ép(AS),
and here we observe not only the expected minimum at off A = 0, but two
additional minima at off A = 2 and off A = 4. In order to take a closer look
at these three points, we chose three matrices Ay, Ay and A4, corresponding
to the three local minima of the plot in Fig. [2 Starting with these matrices,
we performed in their neighborhood a search for matrices with a lower model
deviation. Again we sampled random orthogonal matrices, but this time biased
them to be close to the identity matrix, as we wanted to search locally. We
therefore again orthogonalized matrices as above, however chose the matrices B
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(a) 3-dimensional sources S; (b) 2-dimensional sources Sa

Fig. 1. Toy data set

to be not arbitrarily normally sampled, but took matrices whose entries were
normally sampled with mean 0 and variance v, which we then added to the
identity matrix, modifying Ay, As and A4 in every step only if it would perform
a better block-independence. We evaluated this for v = 0.1, v = 0.01 and v =
0.001, each time running for 20.000 steps. The result of this is plotted in Fig.
Bl and we indeed observe considerably better block-independence in the order
of 1.5 magnitudes in the neighborhood of A( than in the neighborhoods of
A, and A4. While the three local minima found by random sampling show
only small difference (épy(Ag) = 0.0135, 61y(A2) = 0.0107, ép(A4) = 0.0285),
local searches show up better minima for all three areas (é1)(Ao) = 0.0002,
op(Az) = 0.0055, é1)(A4) = 0.0053), especially the area around off A = 0. As
a side note, the final matrices As and A, correspond to the product of a block-
diagonal matrix and a permutation matrices where one, respectively two indices
in each of the two off-diagonal blocks are non-zero.

This shows us that while we observe local minima of our block-dependency
measure on our data set, a closer inspection reveals that these minima are of
different quality and we actually have only a single global minimum. We conclude
that separability of ISA indeed should hold.

2 Uniqueness of ISA

In this section we present the proof of uniqueness of ISA. After explaining the
notion of irreducibility of a random vector, we show why this idea is essential
for the separability of ISA.

2.1 The ICA Model

Let us quickly repeat a few facts about ICA. The linear, noiseless ICA model
can be described by the equation X = AS, where S = (51,...,5,)7 denotes
a random vector with mutually independent components S; (sources) and an
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Fig. 2. Relation between block-crosserror and block-independence. Note the two addi-
tional minima at off A = 2 and off A = 4.

invertible mixing matrix A. The task of ICA is the recovery of S, given only the
observations X. This is obviously only possible up to the indeterminacies scaling
and permutation, and it is well-known that recovery is possible up to exactly
these permutations if S is square-integrable and contains at most one Gaussian

component [34].

2.2 The ISA Model

Loosening the requirement of mutual independence of the sources naturally
brings up the idea of describing ISA through the same equation X = AS, where
now S = (S¥, 8T ..., ST)T with mutually independent random vectors S;, how-
ever this time dependencies within the multidimensional S; are allowed. Obvious
indeterminacies of such a model are invertible linear transforms within the sub-
spaces S; (which can be seen as a generalization of scaling to higher dimensions)
and permutations of subspaces of the same size (which, again, is the higher di-
mensional generalization of the regular permutation seen in ICA). However this
model is not complete, since for any observation X a decomposition into mutu-
ally independent subspaces where dependencies within the subspaces are allowed
is given simply by X itself. Realizing this naturally brings up the requirement of
S to be ‘as independent as possible’. This is formally described by the following
definition.

Definition 1. A random wvector S is said to be irreducible if it contains no
lower-dimensional independent component. An invertible matriz W is called a
(general) independent subspace analysis of X if WX = (ST,... . STHT with
mutually independent, irreducible random vectors S;. Then (ST, ..., Sg) 1s called
an irreducible decomposition of X.

Irreducibility is a key property in uniqueness of ISA and indeed, if we additionally
assume irreducibility, we can show that this essentially allows for separability of
ISA up to the above mentioned indeterminacies of higher dimensional scaling
and permutation of subspaces of the same size.
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Fig. 3. Search for local minima around off A = 0 (lower graph) and off A = 2 respec-
tively off A = 4 (upper two graphs)

2.3 Uniqueness of ISA

We will now prove uniqueness of Independent Subspace Analysis under the addi-
tional assumption of no independent Gaussian components. Indeed, any orthog-
onal transformation of two decorrelated (and hence independent) Gaussians is
again independent, so for such random vectors clearly such a strong identification
result would not be possible.

Theorem 1. Given a random vector X with existing covariance and no Gaus-
sian independent component, then an ISA of X exists and is unique except for
scaling and permutation.

Existence holds trivially, but uniqueness is not obvious. Defining the equivalence
relation ~ on random vectors as X ~ Y & X = AY for some A € Gi(n), we
are easily able to show uniqueness given the following lemmas:

Lemma 1. Let S = (ST,...,ST)T be a square-integrable decomposition of S
into irreducible, mutually independent components S; where no S; is a one-
dimensional Gaussian. If (XT, XI)T is an independent decomposition of S, then
there is some permutation 7 of {1,..., N} such that Xy ~ (SZ;(I), . st(l))T and

Xy ~ (SZ(H_l)7 e SZ(N))T for some 1.

So, given an irreducible decomposition of a random variable S with no inde-
pendent Gaussian components, any decomposition of it into independent (not
necessarily irreducible) components ‘splits along the irreducible components’.
Using this lemma, Theorem [l is easy to show: Given two irreducible decom-
positions (XT,...,X%)T and (ST,...,S%1,)T, we search for the smallest irre-
ducible component appearing, which we may assume to be X;. We then group
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(XTI, ..., XT)T into a (larger) random vector. As this independent decomposi-
tion splits along the irreducible components S; and for all j, dim(X;) < dim(S;),
X is identical to one of the S;. We may remove both of these and go on itera-
tively, thus proving the theorem.

The more complicated part is the proof of Lemma[Il, and due to space restric-
tions we can only sketch the proof.

Before starting, we note that due to the assumption of existing covariance,
we may whiten both X and S, in which case it is easy to observe that A is
orthogonal. For notational reasons, we will split up the mixing matrix A into
submatrices, the sizes of which are according to the sizes of S; and X;:

Sy
Xy Ao ... Aoy .
S~

so X; = Zivzl A, S. We now claim that in every pair {A4;, Ay;} one of the
two matrices is zero.

We fix & = kg and show this claim for k. Let us assume the converse,
that is that both rank(Aig,) # 0 and rank(Asgx,) # 0. As A has full rank,
rank(Aqy,) + rank(Asgy,) > dim(Sg,) =: D. This leaves us with two cases to
handle, rank(Aq,) + rank(Asg,) = D and rank(Aij,) + rank(Asg,) > D. Let
us first address the first case and show that this contradicts the irreducibility
of Sko .

Lemma 2. Assume

s—(ailan) (X))

with independent random vectors X1 and Xo and Ay, As such that rank(A{) +
rank(Al) = dim(S) and rank(A;|As) = dim(S). Then S is reducible.

Proof. Let D := dim(S) and d := dim (ker(A{)). Then dim (ker(AJ)) = D—d,
and we can find a linearly independent set {v1,...,vq} such that vl A; = 0 for
any 1 <i < d, and similarly a linearly independent set {v411,...,vp} such that
V?AQ =0 for any d+ 1 < j < D. These two sets are guaranteed to be disjoint,
as rank(A1]|As) = dim(S). Using these vectors, we define

Then
_ X1\ _(T:1 0 X1\ [(TiXy
rs-mama (3) = (5 n) (%) - (%)
with some full rank matrices Ty and Ts. It follows that S is reducible, as X;
and X, are independent and T is invertible. a



Independent Subspace Analysis Is Unique, Given Irreducibility 55

The other case, rank(A1j,) + rank(Agg,) > D is harder to prove and follows
some of the ideas presented in [4].

Lemma 3. Given (), if there is some 1 < ko < N such that rank(Ayy,) +
rank(Agy,) > dim(Sg, ), then Sy, contains an irreducible Gaussian component.

This concludes the proof of Theorem [l

2.4 Dealing with Gaussians

The section above explicitly excluded independent Gaussian components in order
to avoid additional indeterminacies. Recently, a general decomposition model
dealing with Gaussians was proposed in the form of the so-called non-Gaussian
component analysis (NGCA) [1J. It tries to detect a whole non-Gaussian subspace
within the data, and no assumption of independence within the subspace is
made. More precisely, given a random vector X, a factorization X = AS with
an invertible matrix A, S = (S, S¢) and Sy a square-integrable m-dimensional
random vector is called an m-decomposition of X if Sy and S are stochastically
independent and S¢ is Gaussian. In this case, X is said to be m-decomposable and
X is denoted to be minimally n-decomposable if X is not (n — 1)-decomposable.
According to our previous notation, Sy and Sg are independent components of
X. It has been shown that the subspaces of such decompositions are unique [6]:

Theorem 2. The mizing matriz A of a minimal decomposition is unique except
for transformations in each of the two subspaces.

Moreover, explicit algorithms can be constructed for identifying the subspaces
[6]. This result enables us to generalize Theorem [Il and to get a general decom-
position theorem, which characterizes solutions of ISA.

Theorem 3. Given a random vector X with existing covariance, an ISA of X
ezists and is unique except for permutation of components of the same dimension
and invertible transformations within each independent component and within
the Gaussian part.

Proof. Existence is obvious. Uniqueness follows after first applying Theorem
to X and then Theorem [ to the non-Gaussian part. O

3 Independent Subspace Extraction

Having shown uniqueness of the decomposition, we are able to introduce Inde-
pendent (Irreducible) Subspace Extraction, which separates independent (irre-
ducible) subspaces out of the random vector.

Definition 2. A pseudo-invertible (n x m) matrix W is said to be an Indepen-
dent Subspace Extraction of an m-dimensional random vector X, if WX is an
independent component of X. If WX even is irreducible, then W is called an
Irreducible Subspace Eztraction of X.
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This could lead to a wider variety of algorithms like deflationary approaches
which are already common in standard ICA. The interesting aspect here is that
we only strive to extract a single component, so Independent (Irreducible) Sub-
space Extraction could prove to be simpler to handle algorithmically than a
complete Independent Subspace Analysis, and thus play an important role in
applications (such as dimension reduction) that need to extract only a single
component or subspacespace.

4 Conclusion

Although Independent Subspace Analysis has become a common practice in the
last few years, separability of it has not been fully shown. We presented examples
that showed that ISA is not as unproblematic as it seems. Additionally we proved
uniqueness — up to higher-dimensional generalizations of the indeterminacies of
ICA — of ISA, given no independent Gaussians and showed how to combine this
together with existing theoretical results on NGCA to a full ISA uniqueness
result. Using these results, it is now possible to speak of the ISA of any given
random vector. Moreover, theorem [3] now gives an complete characterization of
decompositions of distributions into independent factors, which might prove to
be a useful result in general statistics.

Now that uniqueness of ISA has been shown for the theoretical limit of per-
fect knowledge of the recordings, the next obvious step is the conversion to the
real-world case, where only a finite number of samples of the observations are
known. Here, a decomposition of the mixtures X such that X = AS where
S = (S¥,...,8%)T with irreducible (or merely independent) S; cannot be ex-
pected, as in this case we expect to always see some dependency due to sampling
errors. Due to uniqueness of ISA in the asymptotic case, identification of the un-
derlying sources should hold here too, given enough samples, but additional work
is required to show this in the future.
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Abstract. This paper derives a new algorithm that performs indepen-
dent component analysis (ICA) by optimizing the contrast function of
the RADICAL algorithm. The core idea of the proposed optimization
method is to combine the global search of a good initial condition with
a gradient-descent algorithm. This new ICA algorithm performs faster
than the RADICAL algorithm (based on Jacobi rotations) while still
preserving, and even enhancing, the strong robustness properties that
result from its contrast.

Keywords: Independent Component Analysis, RADICAL algorithm,
optimization on matrix manifolds, line-search on the orthogonal group.

1 Introduction

Independent Component Analysis (ICA) was originally developed for the blind
source separation problem. It aims at recovering independent source signals from
linear mixtures of these. As in the seminal paper of Comon [I], a linear instan-
taneous mixture model will be considered in this paper,

X = AS, (1)

where X, A and S are matrices in R™*Y, R"*P and RP*N respectively, with
p less or equal to n. The rows of S are assumed to be samples of independent
random variables. Thus, ICA provides a linear representation of the data X in
terms of components S that are statistically independent.

ICA algorithms are based on the inverse of the mixing model (),
Z=wTrXx,

where Z and W are matrices in RP*Y and R"*P, respectively. The aim of ICA
algorithms is to optimize over W the statistical independence of the p random
variables, whose samples are given in the p rows of Z. The statistical indepen-
dence is measured by a cost function

iRV S R W (W),
termed the contrast function.

M.E. Davies et al. (Eds.): ICA 2007, LNCS 4666, pp. 57-164] 2007.
© Springer-Verlag Berlin Heidelberg 2007
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In the remainder of this paper, we assume that the data matrix X has been
preprocessed by means of prewhitening and its dimensions have been reduced
by retaining the dominant p-dimensional subspace. Consequently, the contrast
function +y is defined on a set of square matrices, i.e,

Vi RPP S R W y(W).

Several contrast functions for ICA can be found in the literature. In this paper,
we consider the RADICAL contrast function proposed in [2]. Advantages of this
contrast are a strong robustness to outliers as well as to the lack of samples.

A good contrast for v is not enough to make an efficient ICA algorithm. The
other ingredient is a suitable numerical method to compute an optimizer of .
This is the topic of the present paper. The authors of [2] optimize their contrast
by means of Jacobi rotations combined with an exhaustive search. This yields
the complete Robust Accurate Direct ICA aLgorithm (RADICAL). We propose a
new steepest-descent-based optimization method that reduces the computational
load of RADICAL.

The paper is organized as follows. The contrast function of RADICAL is de-
tailed in Section[2l Section[3describes a gradient-descent optimization algorithm.
In Section @ this local optimization is integrated within a global optimization
framework. The performance of this new ICA algorithm is briefly illustrated in
Section

2 A Robust Contrast Function

Like many other measures of statistical independence, the contrast of RADI-
CAL [2] is derived from the mutual information [3]. The mutual information I(Z)
of a multivariate random variable Z = (z1...,z,) is defined as the Kullback-
Leibler divergence between the joint distribution and the product of the marginal
distributions,

- p ; p(215- -5 2p) : »
I(Z)—/p( Tyeooy p)logp(21)p(zp)d 1d - (2)

This quantity presents all the required properties for a contrast function: it
is nonnegative and equals zero if and only if the variables Z are statistically
independent. Hence, its global minimum corresponds to the solution of the ICA
problem.

The challenge is to get a good estimator of I(Z). A possible approach is to
express the mutual information in terms of the differential entropy of a univariate
random variable z,

S(z) = / p(2) log(p(2))dz, 3)

for which efficient statistical estimators are available.
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According to definitions () and (@), the following holds,

P

1(Z) =) S(z) = 821, -, %) (4)

i=1

The introduction of the demixing model Z = W7T X within (@) results in
p .
W)=Y SUW) —log(IW]) = S(ar, ..., z), (5)
i=1

where SO (W) = S(eIfWTX) and e; is the ith basis vector. The last term
of (@) is constant and its evaluation can be skipped by the ICA algorithm. An
estimator for the differential entropy of univariate variables was derived in [2] by
considering order statistics. Given a univariate random variable z defined by its
samples, the order statistics of z is the set of samples {z!,..., 2"} rearranged
in non-decreasing order, i.e., z' < ... < zV. The differential entropy of z can be
estimated by the simple formula

S(z) = N i " Z_: log <N+ 1(Z(j+m) _ Z(J‘))) ’ (6)

m

where m is typically set to v/ N. Function ([B) with the differential entropies being
estimated by (@) is the contrast of the RADICAL algorithm [2].

This contrast presents several assets in terms of robustness. Its robustness to
outliers was underlined in the original paper [2]. Robustness to outliers means
that the presence of some corrupted entries in the observations data set X has
little influence on the position of the global minimizer of that contrast. This is a
key feature in many applications, especially for the analysis of gene expression
data [], where each entry in the observation matrix results from individual
experiments that are likely to sometimes fail. The RADICAL contrast brings also
advances in terms of robustness to the lack of samples. This will be illustrated
in Section

3 A Line-Search Optimization Algorithm

In accordance with the fact that the independence between random variables
is not altered by scaling, the contrast function (B presents the scale invariance
property
V(W) =~(W4),

for all invertible diagonal matrices A. Optimizing a function with such an invari-
ance property is a degenerate problem, which entails difficulties of theoretical
(convergence analysis) and practical nature unless some constraints are intro-
duced. In the case of prewhitening-based ICA, it is common practice to restrict
the matrix W to be orthonormal [1], i.e., WTW = I. Classical constrained op-
timization methods could be used. We favor the alternative to incorporate the
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constraints directly into the search space and to perform unconstrained opti-
mization over the orthogonal group, i.e.,
min v(W) with O, = {W e RP*?|WTW = I}. (7)
Wweo,
Most classical unconstrained optimization methods — such as gradient-descent,
Newton, trust-region and conjugate gradient methods — have been generalized
to the optimization over matrix manifolds (see [5] and references therein).
The remainder of this section deals with the derivation of a line-search op-

timization method on the orthogonal group for the RADICAL contrast func-
tion (Bl). Line-search on a nonlinear manifold is based on the update formula

W, = R (tn), (8)

which consists in moving from the current iterate W € O,, in the search direction
n with a certain step size ¢ to identify the next iterate W, € O,. t is a scalar
and 7 belongs to Ty O, = {W 2|2 € RP*P 0T = — (2}, the tangent space to O,
at W. The retraction Ry is a mapping from the tangent space to the manifold.
More details about this notion can be found in [5]. Our algorithm selects the
Armijo point t4 as step size and the opposite of the gradient of the cost function
~ at the current iterate as search direction.

The Armijo step size is defined by t4 = ™, with the scalars a > 0, 3 € (0,1)
and m being the first nonnegative integer such that

TW) =~ (Rw (8™a)) = —o(grady(W), 5™ an)w,

where W is the current iterate on O, and o € (0,1). This step size ensures a
sufficient decrease of the cost function at each iteration. The resulting line-search
algorithm converges to the set of points where the gradient of v vanishes [5].

An analytical expression of the gradient of the RADICAL contrast (&) has
been derived in [6]. Let us just sketch the main points of this computation.
First, because of the orthonormality condition, the second term of (&) vanishes.
Furthermore, since the last term is constant, we have

P
grady(W) = Zgrads(i)(W).
i=1

The gradient of S is given by
gradS® (W) = P, (gradg(i)(W)) ,

where S is the extension of S over RP*?, ie., SO = SW|y  and Pr, (2)
is the projection operator, namely, in case of the orthogonal group, Pr, (Z) =
sW(WTZ — ZTW). The evaluation of the gradient in the embedding manifold
is performed by means of the identity

DS (W)[Z] = (gradS® (W), Z),
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with the metric (71, Z3) = tr(Z¥ Z3) and where

DS (W)[2] = tim 0 W+ 12) = SO)
t—0 t
is the standard directional derivative of S at W in the direction Z. Since one
wants to compute the gradient on the orthogonal group, the direction Z can be
restricted to the tangent plane at the current iterate, i.e., Z € Ty O,,.
As we have shown in [6], the gradient of the differential entropy estimator on
the orthogonal group O, is finally given by

_ 7n — (kﬂ) T
) (W) — (aten) —a®)e
gradS' (W) = Pr, Z eTW (xkitm) — (ki)

where 2(¥) denotes the kth column of the data matrix X. The indices k., and
k; point to the samples of the estimated source z;, which are respectively at
positions j + m and j in the order statistics of z;. The computational cost for
the gradient is of the same order as for the contrast, namely O(pN log N).
More details about the Armijo point, the computation of gradients and, more
generally, about line-search algorithms on manifolds can be found in [5].

4 Towards a Global Optimization Scheme

The algorithm described in the previous section inherits all the local convergence
properties of line-search optimization methods [5]. Nevertheless, the contrast of
RADICAL presents many spurious local minima that do not properly separate
the observations X into independent sources. The line-search algorithm may thus
fail in the context of ICA. Nevertheless, it leads to an efficient ICA algorithm
when it is initialized within the basin of attraction of the global minimizer W.. It
is therefore essential to find good initial candidates for the line-search algorithm.
The procedure proposed in this paper rests on empirical observations about the
shape of the contrast function v(W). Figure [l represents the evolution of this
function as well as of the norm of its gradient along geodesic curves on the
orthogonal group O, for a particular benchmark setup (p=6, N=1000).

Figure [Ml and extensive simulations not included in the present paper incite
us to view the contrast function of RADICAL as possessing a very deep global
minimum surrounded by many small local minima. Furthermore, the norm of
the gradient tends to be much larger within the basin of attraction of the global
minimizer. The norm of the gradient thus provides a criterion to discriminate
between points that are inside this basin of attraction and those that are outside.

Our algorithm precedes the gradient optimization with the global search of a
point where the gradient has a large magnitude. The search is performed along
particular geodesics of the orthogonal group, exploiting the low numerical cost
of Jacobi rotations. All geodesics on the orthogonal group O, have the form
I'(t) = We'B where W € O, and B is a skew-symmetric matrix of the same
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Fig. 1. Evolution of the contrast and the norm of its gradient along geodesics of O,

size as W. Jacobi rotations correspond to B having only zero elements except one
element in the upper triangle and its symmetric counterpart, i.e., B(i,j) = 1 and
B(j,i) = —1 with i < j. The contrast function v evaluated along such geodesics
has a periodicity of 7, i.e.,

Y(WeB) = y(Wellt2)B)

Such a geodesic is in fact a Jacobi rotation on the two-dimensional subspace
spanned by the directions ¢ and j. This periodicity is an interesting feature for
an exhaustive search over the curvilinear abscissa ¢ since it allows to define upper
and lower bounds for t.

Our algorithm evaluates the gradient at a fixed number of points that are
uniformly distributed on randomly selected geodesics of periodicity 7. This pro-
cess is pursued until a point with sufficient steepness is found. The steepness is
simply evaluated by the Frobenius norm of the gradient of ~. Such a point is
expected to belong to the basin of attraction of the global minimum and serves
as initialization for the line-search algorithm of the previous section.

5 Some Benchmark Simulations

This section evaluates the performance of the new algorithm against the perfor-
mance of the RADICAL algorithm. All results are obtained on benchmark setups
that artificially generate observations X by linear transformation of known sta-
tistically independent sources S.

Figure Plillustrates that the new algorithm reaches the global minimum of the
contrast with less than half the computational effort required by the RADICAL
algorithm. These results are based on a benchmark with N = 1000 samples while
the dimension p of the problem varies from 2 to 8. For each p, five different data
matrices X are obtained by randomly mixing p sources chosen as sinusoids of
random frequencies and random phases. The indicated computational time is an
average over these five ICA runs.

Figure [ highlights the robustness properties of the contrast discussed in
Section 2l The left graph results from a benchmark with p = 6 sources and
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Fig. 2. Reduced computational time of the new ICA algorithm

N = 1000 samples. A given percent of the entries of the data set have been
artificially corrupted to simulate outliers. The right graph considers a bench-
mark with p = 6 sources, no outliers and a varying number of samples. The
quality of the ICA separation is measured by an index , which stands for a
good performance once it is close to zero. The left graph indicates that both the
new algorithm and the RADICAL algorithm are robust to these outliers while
classical ICA algorithms such as JADE [7] or FastICA [§] collapse immediately.
It should be noted that the new algorithm supports up to 3% of outliers on the
present benchmark and is thus more robust than RADICAL. Similarly, the right
graph of Figure Bl suggests that the new algorithm is more robust to the lack of
samples than RADICAL.
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Fig. 3. Robustness properties of the new ICA algorithm

6 Conclusions

The RADICAL algorithm [2] presents very desirable robustness properties: ro-
bustness to outliers and robustness to the lack of samples. These are essential
! Given the demixing matrix W* and the matrix W identified by the ICA algorithm,

. _IWAP — W ||p
a(W,W™) = min ,
W =i

where A is a non-singular diagonal matrix and P a permutation matrix.
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for some applications, in particular for the analysis of biological data that are
usually of poor quality because of the few number of samples available and the
presence of corrupted entries resulting from failed experiments [4]. The RADI-
CAL algorithm inherits these robustness properties from its contrast function.
In this paper, we have shown that the computation of the demixing matrix by
optimization of the RADICAL contrast function can be performed in a more
efficient manner than with the Jacobi rotation approach considered in [2]. Our
new optimization process works in two stages. It first identifies a point that sup-
posedly belongs to the basin of attraction of the global minimum and performs
afterwards the local optimization of the contrast by gradient-descent from this
point. This new ICA algorithm requires less computational effort and seems to
enhance the robustness margins.
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Abstract. Given a time series of multicomponent measurements of an
evolving stimulus, nonlinear blind source separation (BSS) usually seeks
to find a “source” time series, comprised of statistically independent com-
binations of the measured components. In this paper, we seek a source
time series that has a phase-space density function equal to the product
of density functions of individual components. In an earlier paper, it was
shown that the phase space density function induces a Riemannian ge-
ometry on the system’s state space, with the metric equal to the local
velocity correlation matrix of the data. From this geometric perspective,
the vanishing of the curvature tensor is a necessary condition for BSS.
Therefore, if this data-derived quantity is non-vanishing, the observa-
tions are not separable. However, if the curvature tensor is zero, there is
only one possible set of source variables (up to transformations that do
not affect separability), and it is possible to compute these explicitly and
determine if they do separate the phase space density function. A longer
version of this paper describes a more general method that performs
nonlinear multidimensional BSS or independent subspace separation.

1 Introduction

Consider a set of data consisting of Z(¢), a time-dependent multiplet of n mea-
surements (%, for k =1,2,...,n). The usual objectives of nonlinear BSS are: 1)
to determine if these observations are instantaneous mixtures of n statistically
independent source components x(t)

2(t) = fle@®)] (1)

where f is an unknown, possibly nonlinear, n-component mixing function, and, if
$0, 2) to compute the mixing function. In most approaches to this problem [Tj2],
the desired source components are required to be statistically independent in the
sense that their state space density function p(x) is the product of the density
functions of the individual components. However, it is well known that this
problem always has many solutions (see [3] and references therein). Specifically,
any observed density function can be integrated in order to construct an entire
family of functions f~! that transform it into a separable (i.e., factorizable)
form.
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The observed trajectories of many classical physical systems [4] can be char-
acterized by density functions in phase space (i.e., (Z,)-space). Furthermore, if
such a system is composed of non-interacting subsystems, the state space vari-
ables can be chosen so that the system’s phase space density function is separable
(i.e., is the product of the phase space density functions of the subsystems). This
fact motivates the approach to BSS described in this paper [5]: we search for a
function of the state space variable Z that transforms the observed phase space
density function j(Z,Z) into a separable form. Unlike conventional BSS, this
“phase space BSS problem” has a unique solution in the following sense: either
the data are inseparable, or they can be separated by a mixing function that is
unique, up to transformations that do not affect separability (translations, per-
mutations, and possibly nonlinear rescaling of individual source components).
This form of the BSS problem has a unique solution because separability in
phase space is a stronger requirement than separability in state space. In other
words, if a choice of variables x leads to a separable phase space density function,
it also produces a separable state space density function; however, the converse
is not true. In particular, the above-mentioned procedure of using integrals of
the state space density function to transform it into separable form [3] cannot
be used to separate the phase space density function.

It was previously demonstrated [6] that the phase space density function of
a time series induces a Riemannian metric on the system’s state space and that
this metric can be directly computed from the local velocity correlation matrix
of the data. In the following Section, we show how this differential geometry can
be used to determine if there is a source coordinate system in which the phase
space density function is separable and, if so, to find the transformation between
the coordinate systems of the observed variables and the source variables. In a
technical sense, the method is straight-forward. The data-derived metric is dif-
ferentiated to compute the affine connection and curvature tensor on state space.
If the curvature tensor does not vanish, the observed data are not separable. On
the other hand, if the curvature tensor does vanish, there is only one possible
set of source variables (up to translations, permutations, and transformations of
individual components), and it is possible to compute these explicitly and de-
termine if they do separate the phase space density function. A longer version of
this paper [5] describes the solution of a more general BSS problem (sometimes
called multidimensional independent component analysis [MICA] or indepen-
dent subspace analysis) in which the source components can be partitioned into
groups, so that components from different groups are statistically independent
but components belonging to the same group may be dependent [78][9].

As mentioned above, this paper exploits a stronger criterion of statistical in-
dependence than conventional approaches (i.e., separability of the phase space
density function instead of separability of the state space density function). Fur-
thermore, the new method differs from earlier approaches on the technical level.
For example, the proposed method exploits statistical constraints on source time
derivatives that are locally defined in the state space, in contrast to the usual
criteria for statistical independence that are global conditions on the source time
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series or its time derivatives [I0]. Furthermore, the nonlinearities of the mixing
function are unraveled by imposition of local second-order statistical constraints,
unlike many conventional approaches that rely on higher-order statistics [IJ2].
In addition, the constraints of statistical independence are used to construct the
mixing function in a “deterministic” manner, without the need for parameter-
izing it (with a neural network architecture or other means) and without using
probabilistic learning methods [T1IT2]. And, the new method is quite general, un-
like some other techniques that are limited to the separation of post-nonlinear
mixtures [I3] or other special cases. Finally, the use of differential geometry in
this paper should not be confused with existing applications of differential geom-
etry to BSS. In our case, the observed measurement trajectory is used to derive
a metric on the system’s state space, and the vanishing of the curvature tensor is
shown to be a necessary condition for separability of the data. In contrast, other
authors [14] define a metric on a completely different space, the search space of
possible mizing functions, so that “natural” (i.e., covariant) differentiation can
be used to expedite the search for the function that optimizes the fit to the
observed data.

2 Method

This Section describes how the phase space density function of the observed data
induces a Riemannian geometry on the state space and shows how to compute the
metric and curvature tensor of this space from the observed time series. Next,
we show that, if curvature tensor is non-vanishing, the observed data are not
separable. However, if the curvature tensor vanishes, we show how to determine
whether the data are separable, and, if they are, we show how to find the mixing
function, which is essentially unique.

Let x = z(t) (xf for k = 1,2,...,n) denote the trajectory of a time series.
Suppose that there is a phase space density function p(x,2), which measures
the fraction of total time that the trajectory spends in each small neighborhood
dxdi of (x, i)-space (i.e., phase space). As discussed in [6], most classical physical
systems in thermal equilibrium with a “bath” have such a phase space density
function: namely, the Maxwell-Boltzmann distribution [4]. Next, define g (z) to
be the local second-order velocity correlation matrix [6]
kl(

9" (x) =< (&r — @k) (1 — &1) >u (2)

where the bracket denotes the time average over the trajectory’s segments in a
small neighborhood of x and where @ =< & >,, the local time average of 4.
In other words, ¢* is a combination of first and second moments of the local
velocity distribution. Because this correlation matrix transforms as a symmetric
contravariant tensor, it can be taken to be a contravariant metric on the system’s
state space. Furthermore, as long as the local velocity distribution is not con-
fined to a hyperplane in velocity space, this tensor is positive definite and can be
inverted to form the corresponding covariant metric gz;. Thus, under these con-

ditions, the time series induces a non-singular metric on state space. This metric
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can then be used to compute the affine connection I}%, and Riemann-Christoffel
curvature tensor RF;,,, of state space by means of the standard formulas of
differential geometry [15]

1 gy, OGnm  OGim
Ik () = gkn(J9mt 4 Onm _ Cim (3)

2 Bazm afEl a‘rn
and ark ork
I lm I In k 1 k 1
kan = - Fimpln_FinFZm 4
i () oot 0w T ! ! (4)

where we have used the Einstein convention of summing over repeated indices.
Now, assume that the data are separable and that x represents a set of source
variables; i.e., assume that the phase space density function p is equal to the
product of density functions of each component of x. It follows from definition
(2) that the metric g*'(z) is diagonal and has positive diagonal elements, each
of which is a function of the corresponding coordinate component. Therefore,
the individual components of = can be transformed in order to create a new
state space coordinate system in which the metric is the identity matrix and the
curvature tensor (4) vanishes. It follows that the curvature tensor must vanish
in every coordinate system, including the coordinate system % defined by the

observed data ~
RFppn(2) =0 (5)

In other words, the vanishing of the curvature tensor is a necessary consequence
of separability. Therefore, if this data-derived quantity does not vanish, the data
cannot be transformed so that their phase space density function is separable.
On the other hand, if the data do satisfy (5), there is only one possible sepa-
rable coordinate system (up to transformations that do not affect separability),
and it can be explicitly constructed from the observed data Z(t). To see this, first
note that, on a flat manifold (e.g., (5)) with a positive definite metric, it is always
possible to explicitly construct a “Euclidean” coordinate system for which the
metric is the identity matrix. Furthermore, if a coordinate system has a diagonal
metric with positive diagonal elements that are functions of the corresponding
coordinate components, it can be derived from this Euclidean one by means
of an n-dimensional rotation, followed by transformations that do not affect
separability (i.e., translations, permutations, and transformations of individual
components). Therefore, because every separable coordinate system must have a
diagonal metric with the aforementioned properties, all possible separable coor-
dinate systems can be found by constructing a Euclidean coordinate system and
then finding all rotations of it that are separable. The first step is to construct
a Euclidean coordinate system in the following manner: 1) at some arbitrarily-
chosen point o, select n small vectors 63 ;) (i = 1,2,...,n) that are orthonormal
with respect to the metric at that point (i.e., gri(Z0)0Z(;)K0T(jy = dij, where 6;;
is the Kronecker delta); 2) starting at &g, use the affine connection to repeat-
edly parallel transfer all 6% along 6Z(;); 3) starting at each point along the
resulting geodesic path, repeatedly parallel transfer these vectors along 67 (s);
.. continue the parallel transfer process along other directions ... n+1) starting
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at each point along the most recently produced geodesic path, parallel transfer
these vectors along 6 ,,). Finally, each point is assigned the geodesic coordinate
s (sk,k =1,2,...,n), where sj represents the number of parallel transfers of the
vector 6Z(x) that was required to reach it. Differential geometry [I5] guarantees
that the metric of a flat, positive definite manifold will be the identity matrix in
a geodesic coordinate system constructed in this way. We can now transform the
data into this Fuclidean coordinate system and examine the separability of all
possible rotations of it. The easiest way to do this is to compute the second-order
correlation matrix

okl =< (s — 5k) (81 — 51) > (6)

where the brackets denote the time average over the entire trajectory and
§ =< s >. If this data-derived matrix is not degenerate, there is a unique rotation
that diagonalizes it, and the corresponding rotation of the s coordinate system
is the only candidate for a separable coordinate system (up to transformations
that do not affect separability). Its separability can be determined by explicitly
computing the data’s phase space density function in order to see if it factor-
izes in this rotated coordinate system. Alternatively, we can use higher-order
statistical criteria to see if the rotated s components are truly independent.

In summary, the BSS problem can be solved by the following procedure:

1. Use the data Z(t) to compute the metric, affine connection, and curvature
of the state space [(2-4)].
2. If the curvature does not vanish at each point, the data are not separable.
3. If the state space curvature does vanish:
(a) Compute the transformation to a Euclidean coordinate system s and
transform the data into it.
(b) Find the rotation that diagonalizes the second-order correlation matrix o
and transform to the corresponding rotation of the s coordinate system.
(¢) Compute the phase space density function of the data in the rotated s
coordinate system.
(d) If the density function factorizes, the data are separable, and the rotated
s coordinates are the unique source variables (up to translations, per-
mutations, and transformations of individual components). If the density
function does not factorize, the data are not separable.

3 Discussion

This paper outlines a new approach to nonlinear BSS that is based on a notion of
statistical independence, which is characteristic of a wide variety of classical non-
interacting physical systems. Specifically, the new method seeks to determine if
the observed data are mixtures of source variables that have a phase-space den-
sity function equal to the product of density functions of individual components.
This criterion of statistical independence is stronger than that of conventional
approaches to BSS, in which only the state-space density function is required
to be separable. Because of the relative strength of this requirement, the new
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approach to BSS produces a unique solution in each case (i.e., data are either
inseparable or are separable by a unique mixing function), unlike the conven-
tional approach that always finds an infinite number of mixing functions. Given
a time series of observations in a measurement-defined coordinate system (Z) on
the system’s state space, the basic problem is to determine if there is another co-
ordinate system (a source coordinate system z) in which the density function is
factorizable. The existence (or non-existence) of such a source coordinate system
is a coordinate-system-independent property of the time series of data (i.e., an
intrinsic or “inner” property). This is because, in all coordinate systems, there
either is or is not a transformation to such a source coordinate system. In general,
differential geometry provides mathematical machinery for determining whether
a manifold has a coordinate-system-independent property like this. In the case
at hand, we can induce a geometric structure on the state space by identifying its
metric with the local second-order correlation matrix of the data’s velocity [6].
Then, a necessary condition for BSS is that the curvature tensor vanishes in all
coordinate systems (including the measurement coordinate system). Therefore,
if this data-derived quantity is non-vanishing, the observations are not separable.
However, if the curvature tensor is zero, the data are separable if and only if the
density function is seen to factorize in a coordinate system that can be explicitly
constructed from the data-derived affine connection. In that case, these coordi-
nates are the unique source variables (up to transformations that do not affect
separability).

A longer version of this paper [5] describes the solution of a more general BSS
problem (sometimes called multidimensional ICA or independent subspace anal-
ysis) in which the source components are only required to be partitioned into
groups that are statistically independent of one another but contain statistically
interdependent variables [7I8[9]. The possible separable coordinate systems are a
subset of all coordinate systems in which the metric is block-diagonal (instead of
fully diagonal as in this paper). All of these “block-diagonal coordinate systems”
can be derived from geodesic coordinate systems constructed from geodesics
along a finite number of special directions in state space, and these special direc-
tions can be computed from algebraic equations involving the curvature tensor.
Thus, it is possible to construct every block-diagonal coordinate system and then
explicitly determine if the density function is separable in it. An exceptional sit-
uation arises if the metric can be transformed into a block-diagonal form with
two or more one-dimensional blocks. In this case, there is an unknown rotation
on this two-dimensional (or higher dimensional) subspace that is not determined
by the requirement of metric block-diagonality. However, much as in Sect. 2, this
rotation can be determined by applying other statistical requirements of sepa-
rability, such as block diagonality of the second-order state variable correlation
matrix or block-diagonality of higher-order local velocity correlation functions.
In reference [5], this procedure for performing multidimensional ICA is described
in detail, and it is illustrated with analytic examples, as well as with a detailed
numerical simulation of an experiment.
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What are the limitations of the applicability of this method? It is certainly
critical that there be a well-defined metric on state space. However, this will be
the case if the measurement time series is described by a phase space density
function, a requirement that is satisfied by the trajectories of a wide variety
of physical systems [6]. In practical applications, the measurements must cover
state space densely enough to be able to compute the metric, as well as its first
and second derivatives (required to calculate the affine connection and curvature
tensor). In the numerical simulation in [5], approximately 8.3 million short tra-
jectory segments (containing a total of 56 million points) were used to compute
the metric and curvature tensor on a three-dimensional state space. Of course,
if the dimensionality of the state space is higher, even more data will be needed.
So, a relatively large amount of data may be required in order to be able to
determine their separability. There are few other limitations on the applicability
of the technique. For example, computational expense is not prohibitive. The
computation of the metric is the most CPU-intensive part of the method. How-
ever, it can be distributed over multiple processors by dividing the observed data
into “chunks” corresponding to different time intervals, each of which is sent to a
different processor where its contribution to the metric (2) is computed. As ad-
ditional data are accumulated, they can be processed separately and then added
into the time average of the data that were used to compute the earlier estimate
of the metric. Thus, the earlier data need not be processed again, and only the
latest observations need to be kept in memory.
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Abstract. A framework named copula component analysis (CCA) for
blind source separation is proposed as a generalization of independent
component analysis (ICA). It differs from ICA which assumes indepen-
dence of sources that the underlying components may be dependent by
certain structure which is represented by Copula. By incorporating de-
pendency structure, much accurate estimation can be made in principle
in the case that the assumption of independence is invalidated. A two
phrase inference method is introduced for CCA which is based on the
notion of multi-dimensional ICA. Simulation experiments preliminarily
show that CCA can recover dependency structure within components
while ICA does not.

1 Introduction

Blind source separation (BSS) is to recover the underlying components from
their mixtures, where the mixing matrix and distribution of the components
are unknown. To solve this problem, independent component analysis (ICA) is
the most popular method to extract those components under the assumption
of statistically independence[TI2I3/4U5]. However, in practice, the independence
assumption of ICA cannot always be fully satisfied and thus strongly confines its
applications. Many works have been contributed to generalize the ICA model, [0]
such as Tree-ICA[T7], Topology ICA[g]. A central problem of those works is how
to relax the independent assumption and to incorporate different kinds of de-
pendency structure into the model.

Copula [9] is a recently developed mathematical theory for multivariate
probability analysis. It separates joint probability distribution function into the
product of marginal distributions and a Copula function which represents the
dependency structure of random variables. According to Sklar theorem, given
a joint distribution with margins, there exists a copula uniquely determined.
Through Copula, we can clearly represent the dependent relation of variables
and analysis multivariate distribution of the underlying components.

The aim of this paper is to use Copula to model the dependent relations
between elements of random vectors. By doing this, we transform BSS into a
parametric or semi-parametric estimation problem which mainly concentrate on
the estimation of dependency structure besides identification of the underlying
components as ICA do.

M.E. Davies et al. (Eds.): ICA 2007, LNCS 4666, pp. 7380 2007.
© Springer-Verlag Berlin Heidelberg 2007
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This paper is organized as follows: we briefly review ICA and its extensions in
section 2. The main conclusions of copula theory are briefly introduced in sec-
tion 3. In section 4, we propose a new model for BSS, named copula component
analysis (CCA) which takes dependency among components into consideration.
Inference method for CCA is presented in section 5. Simulation experiments are
presented in section 6. Finally, we conclude the paper and give some further
research directions.

2 ICA and Its Extensions

Given a random vector x, ICA is modeled as
x = As, (1)

where the source signals s = {s1,..., s, } assume to be mutually independent, A
and W = A~ is the invertible mixing and demixing matrix to be solved so that
the recovered underlying components {s1,...,s,} is estimated as statistically
independent as possible.

Statistical independence of sources means that the joint probability density
of x and s can be factorized as

p(x) = p(As) =[ det(W) | p(s) @)
p(s) = [Ty pilsi)

The community has presented many extensions of ICA with different types of
dependency structures. For example, Bach and Jordan [7] assumed that depen-
dency can be modeled as a tree (or a forest). After the contrast function is ex-
tended with T-mutual information, Tree-ICA tries to find both a mixing matrix
A and a tree structure T by embedding a Chow-Liu algorithm into algorithm.
Hyvérinen ete. [8] introduced the variance into ICA model so as to model depen-
dency structure. Cardoso generalized the notion of ICA into multidimensional
ICA using geometrical structure. [6]

3 A Brief Introduction on Copula

Copula is a recently developed theory which separates the margin law and the
joint law and therefore gives dependency structure as a function. According to
Nelson [9], it is defined as follows:

Definition 1 (Copula). A bidimensional copula is a function C(z,y) : I* — T
with following properties:

1. (x,y) C I?
2. Clx,y2) — C(x1,y2) — C(w2,91) + C(x1,91) > 0, for x1 < 2 and y1 < yo;
3. C(x,1) =z and C(1,y) = y.

It’s not hard to know that such defined C(z,y) is a cdf on I?. Multidimensional
version can be generalized in a same manner which presents in [9].
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Theorem 1 (Sklar Theorem). Given a multidimensional random vector x =
(z1,...,2n) € R™ with its corresponding distribution function and density func-
tion u; = Fi(xz;) and pi(xz;),i = 1,...,n. Let F(x) : R™ — I denotes the joint
distribution, then there exists a copula C(-) : I"™ — I so that

F(x) = C(u). (3)

where w = (U1, ..., Up).
If the copula is differentiable, the joint density function of F(x) is

P a(x) = [ pi(z:)C (w). (4)
=1

where C'(u) = au?(.j.(.lgun'
Given a random vector x = (z1,...,2,) with mutually independent variables,

and their cdf F(x) = [[, Fi(xz;). It is easy to obtain that the corresponding
copula function called Product Copula is C'(u) =[], u; and C'(u) =1

4 Copula Component Analysis

4.1 Geometry of CCA

As previously stated, ICA assumes that the underlying components are mutually
independent, which can be represented as (). CCA also use the same represen-
tation () as ICA, but without independence assumption. Here, Let the joint
density function represents by Copula:

N
pe(x) = [ pi(z:)C' (w) ®)
i=1

where the dependency structure is modeled by function C(u).

The goal of estimation is to minimize the distance between the 'real’ pdf of
random vector x and its counterpart of the proposed model. Given a random
vector x with pdf p(x), the distance between p(x) and p.(x) in a sense of K-L
divergence can be represented as

D(pllpe) = Ep(x) log zi(<Xx)>

p(x)
)18 1 i)

(6)

= Ep( — Ep(x) log C”(u)

The first term on the right of (@) is corresponding to the K-L divergence between
p(z) and ICA model and the second term is corresponding to entropy of copula

C(z).
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Theorem 2. Given a random vector x = (x1,...,2,) € R™ with pdf p(x) and
its joint pdf pe(x) = [1i—, pi(z:)C’(u), where u; = Fj(x;) is the cdf of z; and
dependency structure is presented by copula function C(u) : I"™ +— I,u € R™ and
C'(u) = au@:c’(gin is the deriwative of C(u). The K-L divergence D(pl||p.) is as

D(pllpe) = I(z1, ..., 2a) + H(C'(0)). (7)
where H(-) is the Shannon differential entropy.

That is, the K-L divergence between p(x) and p.(x) equal to the sum of the
mutual information I(x) and copula entropy H for function u ~ C".

Using the invariant of K-L divergence, we now have the following corollary to
Theorem 2 for BSS problem s = Wx.

Corollary 1. With the same denotation of Theorem 2, the K-L divergence for
BSS problem is

D(pllpe) = I(s1, ..., sa) + H(C'(us)), (®)

where ug denotes the marginal variable for sources s. Assume that the number
of sources equals to that of observations.

In other words, the distance between ICA model and the true model is presented
by dependency structure and its value equals to entropy of the underlying copula
function. It can be easily learned from (7)) that if dependency structure was
incorporated into model, the distance between data and model can be further
closer than that of ICA model.

ICA is a special case when it assumes mutual independence of underlying
components. Actually, ICA only minimizes the first part of () under the as-
sumption of independence. This also explains why sometime ICA model is not
applicable when dependency relations between source components exist.

4.2 Multidimensional ICA

From the notion of multidimensional ICA generalized from ICA by Cardoso [6],
it can be derived that

m m

X) = Hpk(xk) = Hpk($¢k7~-~’$ik+1—1)
k=1 k=1
m tk41—1

n m
=11 II pr@)Citur) H;DZCEZH;;uk

klllk

9)

where Ci(-) is the copula with respect to pi(-). On the other side, the definition
of copula gives

ﬁ (2;)C'(u (10)
i=1

According to Sklar theorem, if all p;(-) exist, then C(-) is unique. Therefore, we
can derive the following result.
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Theorem 3. The copula corresponding to multidimensional ICA is factorial if
all the marginal pdf of component exist, that is

C'(w) = ] Crlwe) (11)
k=1

Proof. Because of the unique of C, the above ([I) can be easily derived by
comparing (@) and (I0).

The theorem can guide hypothesis selection of copula. That is, Copula should
be factorized as a product of sub-function with different type for dependency
structure of different sub-space.

Combining (@) and (), we can derived the following:

m

D(pllpe) = I(ur,- ., un) + Y H(C}) (12)
k=1

It means that the distance between the true model and ICA model composes of
entropy of Copulas which corresponds to every un-factorial ICs spaces. There-
fore, if we want to derive a model much closer to the ’true’ one than ICA, we
should find dependency structure of each space, that is, approach the goal step
by step. This is one of the guide principles for designing algorithm of copula
component analysis.

5 Inference of CCA

5.1 General Framework

In this section, we study inference method for CCA based on the notion of
multidimensional ICA. Suppose the underlying copula function parameterized
by 6 € O, thus the estimation of CCA should infer the demixing matrix W and
0. According to theorem 2, estimation of the underlying sources through our
model requires the minimization of the K-L divergence of ([fl) or (I2)). Thus the
objective function is

min D(p||pe; W, 0) (13)

which composes of two sub-objective: min I(z1,...,2,; W) and min H(C'(u);
W, 0). Because u in the latter objective depends on the structure of IC spaces
derived from the former objective, we should handle the optimal problem min
I(xy,...,2,; W) at first. The first objective can be achieved by ICA algorithm.
For the second one we proposed the Infomax like principle given a parametric
family of copula.

We propose that the framework of CCA composes of two phrases:

1. Solve W through minimization of mutual information .
2. Determine W and 6 so that the objective function ([3]) is minimized.
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5.2 Maximum Likelihood Estimation

Given the parametric model of Copula, maximum likelihood estimation can be
deployed under the constraint of ICA. Consider a group of independent ob-
servations x1,...,x7 of n x 1 random vector X with a common distribution
P = Cy(x) H?lei(mi); 0 € © where p;(z;) is marginal distribution associated
with z;, and the log-likelihood is

1 T

108 Co(x) [T v

i=1

L(W,0) =
(14)
1 & 1 )
=7 ;Ingi(xi) T log Cy(x)
The representation is consist with two-phrase CCA framework in that the first

term on the right of equation (Il implies mutual information of x and that the
second term is empirical estimation of entropy of x. It is not hard to proof that

min D(p||p.) < max L(W,0) (15)

5.3 Estimation of Copula

Suppose the IC subspaces have been correctly determined by ICA and then we
can identify the copula by minimizing the second term on the right of (7). Given
a class of Copula C(u;0) with parameter vector § € @, and a set of sources

s = (81,...,8y,) identified from data set X, the problem is such a optimization
one
max Ey) (C'(us; W 0)) (16)

By using Sklar theorem, the copula to be identified has been separate with
marginal distributions which are known except non-Gaussianity in ICA model.
Therefore, the problem here is a semi-parametric one and only need identifying
the copula.

Parametric method is adopted. First, we should select a hypothesis for copula
among many types of copula available. The selection depends on many factors,
such as priori knowledge, computational ease, and individual preference. Due to
space limitations, only few of them are introduced here. For more detail please
refer to [9].

When a set of sources s and a parametric copula C(+;0) is prepared, the
optimization of (I6) becomes an optimization problem which can be solved as
follows: B

/
oc (w;0) =0 (17)

Siil

where many readily methods can be utilized.
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6 Simulation Experiments

In this section, simulation experiments are designed to compare CCA and ICA
on two typical cases to investigate whether CCA can perform better than ICA
as previous stated. One cases is with independent components and the other is
where there are dependent components.

We first apply both methods on independent components recovery from their
mixtures and then on recovery of components with dependency structure. In both
experiments, the basic case of BSS with two components are considered. Two
components are generated by bi-variate distribution associated with Gumbel
copula:

C(u,v) = exp (((— Inu)? + (- lnv)g)ig) (18)

where 6 = 1,5 respectively. Note that two components such generated are inde-
pendent when # = 1 and thus compose of sources of ICA problem. The marginal
density of components are uniform. Sources are mixed by randomly generated
and invertible 2 x 2 matrix A. In our experiments, A is

A— 0.4936 0.9803
~ 1 0.4126 0.5470

Both ICA and CCA are used to recover the components from their mixtures.
Without the attention to study model selection, Gumbel copula family is adopted
in CCA method.

The results are illustrated in Figure 1. Due to space limitations, we only
present copula density structure of sources and their recoveries by both methods

indepedent components components by Gumbel copula

05 M o.é MuWW,»-MWM.MWA
il ol

0 1000 2000 ) 1000 2000

Fig. 1. Simulation experiments. The left column is for independent component exper-
iments and the right column is for the experiment of components by Gumbel copula.
The top two sub-figure is sources and (a) and (b) is their corresponding copula density.
(c) and (d) is for ICA and (e) and (f) is for CCA.
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in Figure 1. Note that copula density structure should be a plane if two compo-
nents are independent, that is, C'(u,v) = 1. It can be learned from figure 1 that
both methods works well when components are mutually independent and more
importantly that ICA always try to extracts components mutually independent
while CCA can recover the dependency between components successfully.

7 Conclusions and Further Directions

In this paper, a framework named Copula Component Analysis for blind source
separation is proposed as a generalization of ICA. It differs from ICA which as-
sumes independence of sources that the underlying components may be depen-
dent with certain structure which is represented by Copula. By incorporating
dependency structure, much accurate estimation can be made, especially in the
case where the assumption of independence is invalidated. A two phrase inference
method is introduced for CCA which is based on the notion of multidimensional
ICA. A preliminary simulated experiment demonstrates the advantage of CCA
over ICA on dependency structure discovery. Many problems remain to be stud-
ied in the future, such as Identifiability of the method, selection of copula model
and applications.
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Abstract. The discussion in this paper revolves around the notion of
separation problems. The latter can be thought of as a unifying concept
which includes a variety of important problems in applied mathematics.
Thus, for example, the problems of classification, clustering, image seg-
mentation, and discriminant analysis can all be regarded as separation
problems in which one is looking for a decision boundary to be used in or-
der to separate a set of data points into a number of (homogeneous) sub-
sets described by different conditional densities. Since, in this case, the
decision boundary can be defined as a hyperplane, the related separation
problems can be regarded as geometric. On the other hand, the problems
of source separation, deconvolution, and independent component analy-
sis represent another subgroup of separation problems which address the
task of separating algebraically mixed signals. The main idea behind the
present development is to show conceptually and experimentally that
both geometric and algebraic separation problems are very intimately
related, since there exists a general variational approach based on which
one can recover either geometrically or algebraically mixed sources, while
only little needs to be modified to go from one setting to another.

1 Introduction

Let X = {z; € IRdJ =1,...,N} be aset of N observations of a random variable

X which is described by M conditional densities {px(z) def plz | X € Cp)IL,,

with C} denoting a class to which a specific realization of X may belong. In
other words, the set X can be viewed as a mizture of realizations of M random
variables associated with different classes described by corresponding probability
densities. In this case, the problem of classification (or, equivalently, separation)
refers to the task of ascribing each observation x; to the class Cj which it has
most likely come from. The most challenging version of the above problem occurs
in the case when the decision has to be made given the observed set X alone.
The setting considered above is standard for a variety of important problems
in applied mathematics. Probably, the most famous examples here are unsu-
pervised machine learning and data clustering [Il2]. Signal detection and image
segmentation are among other important examples of the problems which could
be embedded into the same separation framework [34]. It should be noted that,
although a multitude of different approaches have been proposed previously to
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address the above problems, most of them are similar at the conceptual level.
Specifically, viewing the observations {z;} as points on either a linear or a non-
linear manifold {2, the methods search for such a partition of the latter so that
the points falling at different subsets of {2 are most likely associated with differ-
ent classes C. Moreover, the boundaries of the partition, which are commonly
referred to as decision boundaries, are usually defined by means of geometric
descriptors. The latter, for example, can be hyperplanes in machine learning [1]
or active contours [] in image segmentation. For this reason, we refer to the
problems of this type as the problems of geometric source separation (GSS), in
which case the data set X is considered to be a geometric mizture of unknown
sources.

In parallel to the case of GSS, there exists an important family of problems
concerned with separating sources that are mixed algebraically [5]. In a canonical
setting, the problem of algebraic source separation (ASS) can be formulated as
follows. Let S be a vector of M signals (sources) [s1(t), s2(),...,sa(t)]T, with
t =1,...,T being either a temporal or a spatial variable. Also, let A € RM*M
be an unknown mizing matrix of full rank. Subsequently, the problem of blind
source separation consists in recovering the sources given an observation of their
miztures X = [z1(t), 22(t), ...,z (t)]T acquired according tfl:

X =AS. (1)

Note that, in (), neither the sources S nor the matrix A are known, and hence
the above estimation problem is conventionally referred to as blind. Note that
the problem of (algebraic) blind source separation constitutes a specific instance
of Independent Component Analysis, which is a major theory encompassing a
great number of applications [5]. Moreover, when M = 1 and A is defined to
be a convolution operator, the resulting problem becomes the problem of blind
deconvolution [6], which can also be inscribed in our framework of separation
problems.

The main purpose of this paper is to show conceptually and experimentally
that both GSS and ASS problems are intimately interrelated, since they can
be solved using the same tool based on variational analysis [7]. To define this
tool, let us first introduce an abstract, geometric separation operator ¢ : X —
{Sk}M | that “sorts” the points of X into M complementary and mutually
exclusive subsets {Sk}{c\/le which represent estimates of the geometrically mixed
sources. On the other hand, in the case of ASS, the separation operator is defined
algebraically as a de-mixing matrix W € IRM*M gsuch that:

S~WX, (2)

with S and X defined to be S = [s1(t), ..., sy (#)]T and X = [z1 (1), ...,z ()]7,
respectively.

Additionally, let v be an estimate of either a geometric or an algebraic A-th
source signal, computed via applying either ¢ or W to the data. This estimate

! Here and hereafter, the matrix A is assumed to be square which is merely a technical
assumption which can be dropped; this is discussed in the sequel.
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can be characterized by its empirical probability density function (pdf) which
can be computed as given by:

1 O

Pi(2) = NkZK(Z—yk(t)% 2 € R, 3)
t=1

where Ny is the size of the estimate (that is independent of k in the case of ASS).
Note that ([B) defines a kernel based estimate of the pdf of y, when the kernel
function K(z) is normalized to have unit integral [§]. There exist a number of
possibilities for choosing K (z), among which the most frequent one is to define
the kernel in the form of a Gaussian density function. Accordingly, this choice
of K(z) is used throughout the rest of this paper.

The core idea of the preset approach is quite intuitive and it is based on
the assumption that the “overlap” between the informational contents of the
estimated sources has to be minimal. To minimize this “overlap”, we propose
to find the optimal separation operator (viz. either ¢ or W) as a minimizer
of the cumulative Bhattacharyya coefficient between the empirical pdfs of the
estimated sources, which is defined to be [9]:

Bu = M(Z‘;—l);/md \/ﬁi(z)ﬁj(z)dz, i,j=1,...,M. (4)

It should be noted that, apart from the Bhattacharyya coefficient, a number
of alternative metrics are available to assess the distance between the probabil-
ity densities. Thus, for example, the Kullback-Leibler divergence was employed
in [I0] and [5] to solve the problems of image segmentation and blind source
separation, respectively. However, for the reasons discussed below, we prefer us-
ing (@), since it results in comparatively more stable and reliable separation.
To demonstrate how Bj; can be used to unify the concept of separation, as
it appears in both geometric and algebraic settings, we turn to some specific
examples, among which the problem of image segmentation is chosen to be first.

2 Geometric Source Separation: Image Segmentation

In order to facilitate the discussion, we confine the derivations below to the case
of two segmentation classes. In this case, the values of a vector-valued image
I(u): 2 C R? — IR? are viewed as a geometric mixture of two sources, viz. the
object of interest and its background. Consequently, the segmentation problem
can be reformulated as the problem of partitioning the domain of definition 2
of I'(u) (with v € £2) into two mutually exclusive and complementary subsets
2_ and (2. These subsets can be represented by their respective characteristic
functions x_ and x4, which can, in turn, be defined as x_(u) = H(—p(u)) and
X+(u) = H(p(w)), with H standing for the Heaviside function.

Given a level-set function ¢(u), its zero level set {u | o(u) = 0,u € 2} is used
to implicitly represent a curve — active contour — embedded into f2. For the sake
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of concreteness, we associate the subset (2_ with the support of the object of
interest, while (2} is associated with the support of corresponding background.
In this case, the objective of active-contour-based image segmentation is, given
an initialization ¢(u), to construct a convergent sequence of level-set functions
{pt(u)}=0 (With ¢r(u)i=o = @o(u)) such that the zero level-set of @o.(u) coin-
cides with the boundary of the object of interest.

The above sequence of level-set functions can be conveniently constructed
using the variational framework. Specifically, the sequence can be defined by
means of a gradient flow that minimizes the value of the cost functional (). In
the case of two segmentation classes, the optimal level set ¢*(u) is defined as:

¢*(u) = arg ;1(15){32@@))}, (5)
where
Ba(p(u) = . V- (2| p(u) pi(z | p(u)) dz. (6)

with p_(z | ¢(u)) and p4(z | ¢(u)) being the kernel-based estimates of the pdf’s
of the class and background sources.

In order to contrive a numerical scheme for minimizing (g), its first variation
should be computed first. The first variation of Ba(p(u)) (with respect to ¢(u))
can be shown to be given by:

BBaow) _
oo = et Vi), @
where
V() = Bale)(A7 =47+, [ K= @)L o)z ®)
with

+\Vpr(zle() A\ p-(z]e()

Note that, in the equations above, §(-) stands for the delta function, and A_
and A, are the areas of £2_ and (2, given by [, x_(u)du and [, x4 (u)du,
respectively.

Finally, introducing an artificial time parameter ¢, the gradient flow of (u)
that minimizes () is given by:

el = =T — st v, (10)

Lo pla) = | \/p(zw(U))_ L \/m(zso(U)) -

where the subscript ¢ denotes the corresponding partial derivative, and V(u) is
defined as given by (&).

It should be added that, in order to regularize the shape of the active contour,
it is common to constrain its length and to replace the theoretical delta function
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() by its smoothed version 6(-). In this case, the final equation for the evolution
of the active contour becomes:

pe(u) = 8(p(u) (ak(u) = V(u)), (11)
where k(u) is the curvature of the active contour given by (u)=—div { ugig;u }

and a > 0 is a user-defined regularization parameter. Note that, in the segmen-
tation results reported in this paper, a was set to be equal to 1.

3 Blind Separation of Algebraically Mixed Sources

It is surprising how little has to be done to modify the separation approach of the
previous section to suit the ASS setting. Indeed, let Y = [y1(t), y2(t), . . ., yanr (£)]T
be the matrix of estimated sources computed as Y = W X. Additionally, let
{p(z; w;) e pi(z | W) (where w is the i*" row of W) be the set of empirical
densities computed as at ([3)) and that correspond to the source estimates in Y.
Consequently, the optimal separation matrix W* can be found as:

W = arginf{ Bu (W)}, (12)

where
By (W) = M(]\;—l) /]Rdg\/p(z;wi)p(z;ij i,j=1,...M. (13)

It should be noted that intrinsic in blind (algebraic) source separation is the
problem of permutation and normalization, as, using (2)), the sources can only
be recovered in an arbitrary order and up to arbitrary multiplication factors.
While the order of the sources is rarely of importance, the normalization could
become an issue, especially from the viewpoint of numerical minimization. To
overcome this difficulty, it is common to prewhiten the mixtures X before they
are passed into the computations. In this case, it can be easily shown that the
optimal solution W* becomes a member of the orthogonal group O(M) = {W €
RM*M | WWT =T1}.

We solve this constrained minimization problem with the aid of Lagrange
multipliers {Aag},, - Consider the problem of minimizing

F (Wi, oy war, A) = Bu(W) + > Aag (Wiws —bag) (14)
a<p
where 6,3 is Kronecker’s delta. Solving the equations
0
aWZ‘

together with WW? = I (details available from authors) leads to the charac-
terization of W* as a fixed point of the function

G(W) = (PPT)~1/2p, (16)

F<W1a"'awMaA) :OT (6 RlXM)7 (15)
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where (PP”)/2 is a symmetric square root and P = P(W) is defined as follows.
Let K(z) be the N x M matrix with (i, 7)!" element K'(z —y;(i)) and let D(z)
be the diagonal matrix with diagonal elements

Zj:l,...,M;j;ﬁi \/p(z; w;)

di zZ) =
< \/P(Z;Wi)

(17)

Then

P = ! X [ K(z)D(z)dz. (18)

NM (M —1)" Jga
We solve ([I8]) by iteration:

1. Initialize W, say W o) = Ips.
2. For [ =0,1,... to convergence, compute P from (), and update W ;) to

W(H—l) = G(W(l)) = (P(Z)P:(I;))—l/QP(l))

4 Results

4.1 Image Segmentation

The image of Lizard shown in Subplot A of Fig. 1 is considered to be relatively
hard to segment due to the multimodality of the pdf related to the object class.
Moreover, the intensity distributions of the object and background classes of the
image are very similar, which makes it impossible to segment the image based on
gray-level information alone. To overcome this difficulty, the input image I(u)
was defined to be the bivariate image of the partial derivatives of Lizard, which
are shown in Subplots B and C of the figure.

A: ORIGINAL IMAGE B: ROW-DERIVATIVE IMAGE C: COLUMN-DERIVATIVE IMAGE

Fig. 1. (Subplot A) Original image of Lizard; (Subplot B) Row-derivative of the image;
(Subplot C) Column-derivative of the image; (Subplot D) Initial segmentation; (Subplot
E) Separation by the Bhattacharyya flow; (Subplot F) Separation by the K-L flow
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The initial segmentation of Lizard and its segmentation obtained using the
proposed method are shown in Subplots D and E of Fig. 1, respectively. For the
sake of comparison, we have also segmented the image of Lizard using the active
contour that maximized the Kullback-Leibler (K-L) divergence between the em-
pirical pdf's of the object and background classes. The resulting segmentation is
shown in Subplot F of Fig.1. It is obvious that the proposed approach (i.e., the
one that exploits the Bhattacharyya metric) is the best performer here.

It is worthwhile noting that the relatively worse performance of the image
segmentation using the K-L divergence seems to be stemming from the properties
of the functions involved in its definition, viz. of the logarithm. In particular,
the latter is known to be very sensitive to variations of its argument in vicinity
of relatively small values of the latter. Moreover, the logarithm is undefined at
zero, which makes computing the K-L gradient flow prone to the errors caused
by inaccuracies in estimating the tails of probability densities. On the other
hand, the square root is a well-defined function in vicinity of zero. Moreover,
for relatively small values of its argument, the variability of the square root is
considerably smaller than that of the logarithm. As a result, the Bhattacharyya
flow is much less susceptible to the influence of the inaccuracies mentioned above.

source 1 source 2 source 3

Fig. 2. (Subplots A1-A8) Original image sources; (Subplot B1-B3) Corresponding mix-
tures; (Subplot C1-C3) Estimated sources
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4.2 Blind Source Separation

Subplots A1-A3 of Fig. 2 show the original source images which have been used to
test the performance of the proposed separation methodology. The correspond-
ing mixtures obtained using a random mixing matrix A are shown in Subplots
B1-B3 of the same figure, whereas Subplots C1-C3 of Fig.2 show the source im-
ages estimated by applying 50 iterations of the fixed point algorithm described in
Section 3. One can see that the algorithm results in virtually perfect reconstruc-
tion of the image sources. For this case, the average interference-to-signal ratio
(ISR) was found to be equal to 0.0024, while minimizing the mutual information
between the estimated sources resulted in ISR equal to 0.036.

5 Conclusions

The present study has demonstrated the applicability and practicability of the
method for separating different components of a data signal based on the notion
of a distance between probability distributions. The latter was defined by means
of the Bhattacharyya coefficient which was shown to be advantageous over the
K-L divergence (and, hence, over the related criterion of mutual information) in
practical settings, in which class-conditional densities have to be estimated in a
non-paramentric manner. Additionally, the versatility of the proposed criterion
was demonstrated via its application to the problems of blind separation of both
geometrically and algebraically mixed sources. Thus, from a certain perspective,
the proposed method can be seen as unifying for the problems of both classes.

References

1. Duda, R., Hart, R., Stork, D.: Pattern Recognition. Willey, New York (2001)

2. Han, J., Kamber, M.: Data mining: Concepts and techniques. Morgan Kaufmann,
San Francisco (2001)

3. Tuzlukov, V.: Signal detection theory. Springer, Heidelberg (2001)

4. Sapiro, G.: Geometric partial differential equations and image analysis. Cambridge
University Press, Cambridge (2001)

5. Hyvarinen, A., Karhunen, J., Oja, E.: Independent component analysis. John Wiley
and Sons, Chichester (2001)

6. Haykin, S.: Blind deconvolution. Prentice Hall, Englewood Cliffs (1994)

7. Gelfand, I., Fomin, S., Silverman, R.: Calculus of variations. Prentice-Hall, Engle-
wood Cliffs (1975)

8. Silverman, B.: Density estimation for statistics and data analysis. CRC Press, Boca
Raton (1986)

9. Bhattacharyya, A.: On a measure of divergence between two statistical populations
defined by their probability distributions. Bull. Calcutta Math. Soc. 78, 99-109
(1943)

10. Kim, L., Fisher, J., Yezzi, A., Cetin, M., Willsky, A.: A nonparametric statistical
method for image segmentation using information theory and curve evolution IEEE
Proc. Image Processing 4(10), 1486-1502 (2005)



Shifted Independent Component Analysis

Morten Mgrup, Kristoffer H. Madsen, and Lars K. Hansen

Technical University of Denmark
Informatics and Mathematical Modelling
Richard Petersens Plads, Building 321
DK-2800 Kgs. Lyngby, Denmark
{mm, khm, 1kh}@imm.dtu.dk

Abstract. Delayed mixing is a problem of theoretical interest and prac-
tical importance, e.g., in speech processing, bio-medical signal analysis
and financial data modelling. Most previous analyses have been based
on models with integer shifts, i.e., shifts by a number of samples, and
have often been carried out using time-domain representation. Here, we
explore the fact that a shift 7 in the time domain corresponds to a mul-
tiplication of e~*7 in the frequency domain. Using this property an
algorithm in the case of sources<sensors allowing arbitrary mixing and
delays is developed. The algorithm is based on the following steps: 1)
Find a subspace of shifted sources. 2) Resolve shift and rotation ambigu-
ity by information maximization in the complex domain. The algorithm
is proven to correctly identify the components of synthetic data. How-
ever, the problem is prone to local minima and difficulties arise especially
in the presence of large delays and high frequency sources. A Matlab im-
plementation can be downloaded from [IJ.

1 Introduction

Factor analysis is widely used to reconstruct latent effects from mixtures of
multiple effects based on the model

Xn,m - Z An,dsd,m + En,ma (1)
d

where E,, ,, is additive noise. However, this decomposition is not unique since
A= AQ and S = QS yields same approximation as A, S. Consequently, con-
straints have been imposed such as Varimax rotation for Principal Component
Analysis (PCA) [2], statistical independence of the sources S as in Indepen-
dent Component Analysis (ICA)[3I[4]. A related strategy is sparse coding where
the objective of minimizing the error is combined with a term penalizing the
non-sparsity of S [A].

Factor analysis in the setting of ICA is often illustrated by the so-called cock-
tail party problem. Here mixtures of several speakers are recorded in several
microphones forming the measured signal X. The task is to identify the sources
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S of each original speaker. However, even in an anechoic environment the mix-
ing model is typically not accurate because of different delays in the micro-
phones. Consider two microphones placed at distance L and L 4 h from a given
speaker. Under normal atmospheric conditions, the speed of sound is approx-
imately ¢ = 344 m/s while a typical sampling rate is fs = 22 kHz. Then the
delay in samples between the two microphones is given by: #samples= f p " such
that the delay increases linearly with the difference in distance. Consequently, a
distance of 1 cm gives a delay of 0.6395 samples while i = 1m leads to a delay of
63.95 samples. Harshman and Hong [6] proposed a generalization of the factor
models in which the underlying sources have specific delays when they reach the
sensors. The model is called shifted factor analysis (SFA), and reads

Xn,m = ZAn,de,m—?n,d + En,m~ (2)
d

In real acoustic environments we expect echoes due to paths that are created
by reflection off surfaces. To account for general delay mixing effects, the ICA
model has been generalized to convolutive mixtures, see e.g., [7I8I9]

Xn,m = Z A:L’dsd,mf‘r + En,m' (3)
7,d

Here AT is a filter that accounts for the presence of each source in the sensors at
time delay 7. The shifted factor model, thus is a special case of the convolutive
model where the filter coefficients A} ; = Ay, 4 if 7,0 = 7 else A] ;= 0.

In fact shifted mixtures are also seen in many other contexts. For instance,
astronomy where star motion Doppler effects induce frequency red shifts that
can be modelled using SFA. Here we will focus on the delayed source model.
In [6] strong support was found for the conjecture that the incorporation of
shifts can strengthen the model enough to make the parameters identifiable up
to scaling and permutation (essential uniqueness). We will demonstrate that this
conjecture is not correct when allowing for arbitrary shifts. Indeed, the model
is, as for regular factor analysis, ambiguous. In [I0] an algorithm was proposed
to estimate the model. However, the algorithm has the following drawbacks.

. All potential shifts have to be specified in the model.
. Exhaustive integer search for the delays is expensive.
. The model only accounts for shifts by whole samples.
. The model is in general not unique.

=~ W N =

Prior to the work of [6/10] Bell and Sejnowski [4] sketched how to handle time
delays in networks based on a model similar to equation [2I This was further
explored in [II]. Although their algorithms derive gradients to search for the
delays (alleviating the first two drawbacks above) the models are still based on
pure integer delays. In [12] a different model based on equally mixed sources,
i.e. A =1, formed by moving averages incorporated non-integer delays by sig-
nal interpolation. Yeredor [13] solved the SFA model by joint diagonalization of
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Fig. 1. Example of activities obtained (black graph) when summing three components
(gray, blue dashed and red dash-dotted graphs) each shifted to various degrees (given in
samples by the colored numbers). Clearly, the resulting activities are heavily impacted
by the shifts such that a regular instantaneous ICA analysis would be inadequate.

the source cross spectra based on the AC-DC algorithm with non-integer shifts
for the 2 x 2 system. This approach was extended to complex signals in [I4].
The algorithm is least squares optimal for equal number of sensors and sources.
More sensors than sources is not a problem for conventional ICA; we simply
reduce dimension by variance decomposition, this procedure is exact for noise-
less mixing. Due to the delays projection based dimensional reduction will not
reproduce the simple single delay structure, but rather lead to a more general
convolutive mixture. We will therefore aim at an algorithm for finding a shift
invariant subspace. Hence, solve equation 21 by use of the fact that a shift 7 in
the time domain can be approximated by multiplication by the complex coeffi-
cients e~ in the frequency domain. This alleviates the first three drawbacks
of the SFA algorithm. We will denote this algorithm a Shift Invariant Subspace
Analysis (SISA). To further deal with shift and rotation ambiguities, we impose
independence in the complex domain based on information-maximization (IM)
[4]. Hence, we form an algorithm for ICA with shifted sources (SICA). Notice,
that algorithms for ICA in the complex domain without shifts have previously
been derived, see for instance [I/I5] and references therein.

2 Method and Results

In the following U will denote a matrix in the time domain, while U denotes the
corresponding matrix in the frequency domain. & and U denotes 3-way arrays
in the time and frequency domains respectively. Furthermore, U e V denotes
the direct product, i.e. element-wise multiplication. Also, w = 277 ]\}1 such that

_ L f1
UY) =Uee ™ M 7. Finally, the i*" row of a matrix will be denoted Uj ..

2.1 Shift Invariant Subspace Analysis (SISA)

In the following we will device an algorithm to find a shift invariant subspace
based on the SFA model. Consider the SFA model and its frequency transformed

~ ~ w ﬂffl ~
Xn,m = ZAn,de,m—de + En,ma Xn,f = ZAn,de,fe BTN Trd + En,f~
d d

(4)
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In matrix notation this can be stated as
)N(fzg(f)gf-l-ﬁf. (5)

Due to Parseval’s identity the following holds
Clo =Y Bumld = 35 Y 1B sll3. (6)
n,m n f

Thus, minimizing the least square error in the time and frequency domain is
equivalent. The algorithm will be based on alternatingly solving for A, S and 7.

S update: According to equation B Sy can be estimated as
S;=AN'X,. (7)

Although, S is updated in the frequency domain the updated version has to
remain real when taking the inverse FFT. For S to be real valued the following
has to hold

Sr—p+1 =S}, ®)

where * denotes complex conjugate. This constraint is enforced by updating
the first |M/2] 4+ 1 elements, i.e. up to the Nyquist frequency, while setting the
remaining elements according to equation [§

A update: Let gfi”} denote the delayed version of the source signal §d7 ¢ to the

—27

- - -1
n't channel, i.e. ng} = Sq e M T4 Then equation 2] can be restated as
Xn,: - An,S(n) + En,:v (9)

This is the regular factor analysis problem giving the update

An,: = Xn,:S(n)T' (10)
7 update: The least square error for the model stated in equation [ is given
by
Cis = 3 D (X; — APS ) (X; — ADS)), (11)
!

where # denotes the conjugate transpose. Define TNP*1 = gyec(T), i.e. the
vectorized version of the matrix 7 such that T, (4—1)ny = Tn,a- Let further

Onay=AY)Say Ep=X;—ALS, (12)
Then the gradient of Cj; with respect to 7, 4 is given as

Snt@-1N = op 0t = 2% = 11N " 20S(Q, 4. 0E ] (13)

ni(d-1)N  OTn.a
f
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The Hessian has the following structure

H _ _2wa%[éndfé:/d/ }lfn;én/\d#d’
n+(d—1)N,n/+(d'—1)N —2 wa R[Qna,r (L ar s+ E*, Plifn=n'Ad=d’
(14)
As a result, 7 can be estimated using the Newton-Raphson method

T T-yH g, (15)

where 7) is a step size parameter that is tuned to keep decreasing the cost function.
The above iterative update for 7 is sensitive to local minima. Thus, to improve
the algorithm from being stuck in suboptimal solutions 7 was re-estimated by

the following cross-correlation procedure every 10" iteration. Let
Ry =Xn;— Y A)Say, (16)
d£d'

i.e. the signal at the n" sensor at frequency f when projecting all but the d’

source out of X The cross-correlation between the d' source and n' sensor is
given as ¢y = Rn de/ t» such that 7, 4 can be estimated as

Ct

. 17
sosp D

t =argmax|cy|, Tpa=t—(M+1), A,z =

Le. as the delay corresponding to maximum cross-correlation between the sensor
and source. The value of A,, 4 corresponding to this delay is also given above.

2.2 SISA Is Not Unique

According to equation[l the reconstructed signal in the complex domain is given
- - o __ o f-1.

as Xy ~ ANS; = AOWOHOWI 'S, Such that W) = Wee ™M 7 is a

rotation, scaling and shift matrix. Assume the inverse of W) is also a rotation,

— -1 B
scaling and shift matrix, i.e. W) ™' =Vee ™™ M . Since WHWWH ™' =1,
we find

—iond T G A F 0 for d # d'V
;Wd,d”Vd/)dne 2my (Faar+Tarar) — {1 fordid’VjZ (18)

From f = 1 we obtain the relation V. = W~1. For the remaining frequencies
this expression can only be valid if #44v + 7474 = 0 (diagonal elements) and
Taar + Tarar = kaa (off diagonal elements) where kg4 denotes an arbitrary
constant. The first relation gives the constraint that # = —#7. The second
relation further constraints all the elements of the columns of 7 to be equal.

i o f1.
Thus the ambiguity is given by W) = [W diag(e "*™ M T)]. Where 7 is a
vector describing the shift ambiguity.
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Simulated Factors Estimated Factors (SISA)
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Fig. 2. Results obtained by a shift invariant subspace analysis (SISA). Left panel: the
true factors forming a synthetic data set. To the left, the strength of the mixing A of
each source is indicated in gray color scale. In the middle, the three sources are shown
and to the right is given the time delays of each source to each channel. Right panel:
The estimated factors from the SISA analysis. Although, all the variance is explained
the decomposition has not identified the true underlying components but an ambiguous
mix. Clearly, as for regular factor analysis the SISA is not unique.

2.3 Shifted Independent Component Analysis (SICA)

A common approach to ICA is the maximum likelihood (ML) method [16] which
corresponds to the approach of maximizing information proposed in [4]. In the
framework of ML a non-gaussian distribution on the sources is assumed such that
ambiguity can be resolved up to the trivial ambiguities of scale, permutation and
source shifting relative to the time delays.

Define, Uy = ws t, i.e. the sources at frequency f when transformed
according to the rotation and shift ambiguity described in the previous section.
The ambiguity can be resolved by maximizing the log-likelihood assuming the
(non-gaussian) Laplace distribution p(ﬁf) o e~ 1Uasl e,

p(StIW. %) = [ p(S;IW.7) = [] ldet( W) |p(WI)S)) (19)
f f

Such that the log-likelihood as a function of W and 7 becomes

LW, 7) =Y In|det( W) =S [WIS, |, (20)
f d

By maximizing L(W,7) W and T is estimated and a new unambiguous S solu-

tion found by S = WS #- The corresponding mixing and delays can be esti-
mated alternating between the A and T update. We initialized A as A = AW
and 7, 4 by the cross-correlation procedure.
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Fig. 3. Result obtained using the SICA on the decomposition found using SISA. By
imposing independence, e.g., requiring the amplitudes in the frequency domain to be
sparse, the rotation and shift ambiguity inherited in the model is resolved. Clearly
the true underlying components and their respective mixing are correctly identified.
However, a local minimum has been found, resulting in errors in the estimation of the
delays particularly for the first component.

3 Discussion

Traditionally, ICA analysis is based on subspace analysis often using singular
value decomposition (SVD). The sources are then found by rotating the vectors
spanning the subspace according to a measure of independence. Similarly, we de-
rived the SISA algorithm to find a shift invariant subspace by alternating least
squares. Shift and rotation ambiguities were solved by imposing independence
on the amplitudes of the frequency transform of the sources. While SVD has
a closed form solution the SISA algorithm is non-convex. Estimating both A,
S and each delay in 7 using the cross-correlation procedure has a closed form
solution for fixed values of 7, S and A. While the cross correlation procedure
only finds integer delays the Newton-Rhapson procedure can estimate the non-
integer delays. The cross-correlation procedure greatly reduces the algorithm’s
vulnerability to local minima, however due to the alternating least squares esti-
mation the problem cannot be circumvented completely. Furthermore, the prob-
lem becomes increasingly difficult for high frequency sources and large shifts
due to additional local minima. In an example we saw this happen: The SICA
algorithm failed in correctly identifying the delays of the first component; the
component with the highest frequencies. A multistart strategy was invoked, we
choose the best of ten random initializations to obtain a good initial solution for
the estimation of the shift invariant subspace. While our algorithm was based
on likelihood maximization, Yeredor [I3] developed an algorithm based on joint
diagonalization. The present SISA is potentially useful as a preprocessing step
for this latter algorithm when estimating less sources than sensors.
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Previous work based on integer shifts conjectured the decomposition to be
unique [6]. When using integer shifts some shifts might perform better than oth-
ers due to a better integer rounding error. Hence, this might be why the integer
shifts formed seemingly unique solutions. However, as demonstrated in figure
the shifted factor analysis model is not in general unique. But, by imposing inde-
pendence unique solutions can be obtained up to trivial permutation, scaling and
specific onset relative to the delays of the sources as demonstrated in figure[Bl The
shift /delay model may prove useful for a wide range of data where ICA already
has been employed. Furthermore, the extra information of delays can be useful
for spatial source localization when combined with information of position of the
sensors. Future work will focus on implementing additional constraints such as
non-negativity and attempt to further improve the identifiability in the presence
of many local minima. The current algorithm can be downloaded from [IJ.
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Abstract. We extend the Gaussian scale mixture model of dependent subspace
source densities to include non-radially symmetric densities using Generalized
Gaussian random variables linked by a common variance. We also introduce the
modeling of skew in source densities and subspaces using a generalization of
the Normal Variance-Mean mixture model. We give closed form expressions for
subspace likelihoods and parameter updates in the EM algorithm.

1 Introduction

The Gaussian scale mixture representation can be extended to vector subspaces to yield
a model of non-affine dependency, sometimes referred to as “‘variance dependency” [8]].
Hyvérinen has recently proposed such a model for Independent Subspace Analysis
of images. A similar approach is developed by Eltoft, Kim et al. [T16]], which is referred
to as Independent Vector Analysis (IVA). In the IVA model, the EM algorithm is used
with a particular case of the multivariate Gaussian scale mixture involving a Gamma
mixing density.

In [10] a method is proposed for convolutive blind source separation in reverber-
ative environments using a frequency domain approach with sources having variance
(scale) dependency across frequencies. Typically in the frequency domain approach to
blind deconvolution, the “permutation problem” arises when the signals are unmixed
separately at each frequency. Due to the permutation ambiguity inherent in ICA [1]], the
frequency components of each source are output in arbitrary order at each frequency,
and some matching heuristic must be employed to reconstruct the complete spectra of
the sources. The IVA model allows the modeling of dependency of the frequency com-
ponents of sources, while maintaining the mutual independence of the sources.

Variance dependency also arises in EEG/MEG analysis. In particular, the electro-
magnetic signals generated by muscles in the scalp, face, and ears will commonly acti-
vate together in various facial expressions. In this case, the individual muscle signals are
not related or dependent in phase, but their variance increases and decreases together as
the components are activated and deactivated together. Variance dependency may also
exist among cortex regions that are simultaneously active in certain contexts.

M.E. Davies et al. (Eds.): ICA 2007, LNCS 4666, pp. 97-1041 2007.
(© Springer-Verlag Berlin Heidelberg 2007
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The densities employed in models proposed previously for speech use only a par-
ticular dependent subspace density model, which may limit the flexibility of the model
in application to more general domains such as communications and biological signal
processing. We propose a general method for constructing multivariate Gaussian scale
mixtures, giving an example of a multivariate dependent logistic density.

We also propose a scale mixture of Generalized Gaussians model, in which a gener-
alized Gaussian random vector with independent components, is multiplied by a com-
mon scalar variance parameter, which is distributed Generalized Inverse Gaussian. This
yields a generalization of the generalized hyperbolic density of Barndorff-Nielsen [3].

Finally we show how to use the Normal variance-mean mixtures to model skew in
dependent subspaces. The location and “drift” parameters can be updated in closed form
using the EM algorithm and exploiting the conditional Gaussianity and closed form
formula for the posterior moment in terms of derivatives of the multivariate density
function.

2 General Dependent Gaussian Scale Mixtures

In this section we show how general dependent multivariate densities can be derived
using scalar Gaussian scale mixtures,

x=§1/22

where z is a standard Normal random variable, and ¢ is a non-negative random variable.

2.1 ExampleDensities

Examples of Gaussian scale mixtures include the generalized Gaussian density, which
has the form,
1 —Jal?

GG (wip) = ar(1+1)°

It is a Gaussian scale mixture for 0 < p < 2. The scale mixing density is related to a
positive alpha stable density of order p/2.
The generalized Cauchy has the form,

al'(v+1/a) 1

gC(l‘;Oé,V) = 2F(V)F(1/Ck) (1+‘$‘a)y+1/a

The Generalized Cauchy is a Gaussian scale mixture for v > 0 and 0 < a < 2. The
scale mixing density is related to the Gamma density.

The generalized Logistic, also called the symmetric Fisher’s z distribution [3]], has
the form,
I'(2a) e~
I'(a)? (14 e )2

The Generalized Logistic is a Gaussian scale mixture for all o > 0. The scale mixing
density is related to the Kolmogorov-Smirnov distance statistic [2131/7].

GL(z;a) =
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2.2 Multidimensional Analogues

If z is distributed according to the Gaussian scale mixture density p(x), then,
p(Vz) = 1/2 / €263 ep(e)dg ()

We can construct a random vector by multiplying the same scalar random variable £'/2

by a Gaussian random vector,
x=¢ 1/2,

where z ~ N(0, I). For the density of x we then have,
1 > _ 11142
P = i | € I e

If ¢~ is a Gamma random variable, then the density of x can be written in terms of the
modified Bessel function of the second kind [6].
In general, taking the kth derivative of both sides of (), we find,

dk —92)~k [ 1e—1
dgt PV = Ezw))m/o e (e

Thus, if d is odd, then with k = (d — 1)/2,

R D) = / E-i/2em 6
and we can write the density of p(x)
dodd:  p(x) =m VD) Ep )| @

For even d, the density of p(x) can be written formally in terms of the Weyl fractional
derivative. However as the fractional derivative is is not generally obtainable in closed
form, we consider a modification of the original univariate scale density p(&),

&2p(9)
IS & 12p(&)de

With this modified scale density, the density of x evaluated at /x becomes,

p&) =

PV = gy f, € eI ©)

- /O £ V2p(e)de

Proceeding as we did for odd d, taking the kth derivative of both sides of (@), with
k= d/2, we get,

deven: p(x) = 2 V2r {=D/2(—D)2p(/z)|

where,

“)

a=||x||?
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2.3 Posterior Moments of Gaussian Scale Mixtures

To use scale mixtures in the EM context, it is necessary to calculate posterior moments
of the scaling random variable. This section indicates how this is accomplished [3].
Differentiating under the (absolutely convergent) integral we get,

V@ = [ pelaped = - [ tapteg de

B / £ p(elx) de

Thus, with p(z) = exp(—f(x)), we see that,

/ !/
P f' (@
E(é 1|xZ / § p(&ilxi) d&i = (1) = (1) (%)
zip(;) i
Similar formulae can be derived for higher order posterior moments, and moments of
multivariate scale parameters. These results are used in deriving EM algorithms for
fitting univariate and multivariate Gaussian scale mixtures.

2.4 Example: 3D Dependent Logistic

Suppose we wish to formulate a dependent Logistic type density on R3. The scale
mixing density in the Gaussian scale mixture representation for the Logistic density is
related to the Kolmogorov-Smirnov distance statistic [2[3[7], which is only expressible
in series form. However, we may determine the multivariate density produced from the

product,
x = ¢£Y/2

where x,z € R?, and z ~ A/(0,1). Using the formula @) with d = 3, we get,

1 sinh(%”x”)

p(x) =
8 ||x|| cosh® (3 ||x| )

3 Non-radially Symmetric Dependency Models

A possible limitation of the Gaussian scale mixture dependent subspace model is the
implied radial symmetry of vectors in the subspace, which leads to non-identifiability
of features within the subspace—only the subspace itself can be identified. However, a
similar approach using multivariate Generalized Gaussian scale mixtures can be devel-
oped, in which the multivariate density becomes a function of the p-norm of the sub-
space vector rather than the radially symmetric 2-norm, maintaining the directionality
and identifiability of the within-subspace features, while preserving their (non-affine)
dependence.

The mixing density of the generalized hyperbolic distribution is the generalized in-
verse Gaussian, which has the form,

A
NT(6,5,A) = 2% ‘(S;K) ¢ exp (— 5 (82671 + n%)) (6)
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where K, is the Bessel K function, or modified Bessel function of the second kind.
The moments of the generalized inverse Gaussian [6]] are given by,

ry _ 6 TK)\*FT((SI{)

The isotropic generalized hyperbolic distribution [3] in dimension d,

L Eaap(sy8 4 x?)

Q'H(é, KZ,)\) =
s d/2 A d/47}\/2
(2 ) 6 K,\(éli) (52 ” ”2)

is derived as a Gaussian scale mixture with A'T(8, %, \) mixing density. Now, for a
generalized Gaussian scale mixture,

1 /OO =it -1 :
p(x) = § =P exp (=€ )|l p(€) d§ )
SR €S p(©)
where,
—QdHF +1/pi)
with AT mixing density p(¢), the posterior density of ¢ given x is also A/,
pleh) = A7 (/52 42 om0 - /) (10)

where j is the harmonic mean d/ ", p; ', and

d 1/p
x|, = (Z |$i|pi>
1=1

For x we then get the anisotropic distribution,

wilp a2 + 2 xI10)

p(x;0,k,\,p) = . (11
Z(p) 6/\K,\(6/<o) (62 42 ||x||ﬁ> (d/p—X)/2
p
Using (7) and (IQ), we have,
Ky_q/p—1 82 +2|x|
E( 1| K p ( \/ ) (12)

2 Ko (ry/0? + 2xIE)

The EM algorithm does not require that the complete log likelihood be maximized
at each step, but only that it be increased, yielding the generalized EM (GEM) algo-
rithm [4I13]. We employ this method here to increase the complete likelihood in (@)
(see [L3U12D).
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4 Skew Models
4.1 Construction of Multivariate Skew Densities from Gaussian Scale Mixtures

Given a Gaussian scale mixture x = £'/%z,
1 < _ _
p(x) = (27T)d/2|2‘1/2 A g d/2 exp (_ ég 1XTZ 1x)p(£) d&
we have, trivially, for arbitrary (3,

p(x) exp(BT Y 1x) 1

p(387E18) T s
p(©exp (1 €pT-1p)

0 g—d/Q exp (— 1 £_1XT2_1X + BTE_lx 1 é—ﬁTE—lﬁ
fo ( 2 2 ) @(éBTZ‘*lﬁ)

dg§
(13)
where (1) = E exp t£ is the moment generating function of £&. Now (I3)) can be written,
_ 1 o - .
0

where,

(2m)

p(x) exp(BT 2 1x) (€) exp(L€)18II%-1)
w(L11815-) w(L16I5-1)

We have thus constructed a skewed density p(x) in terms of the isotropic density p(x)
and the moment generating function ¢ of the scale mixing density p(§). The skewed
density is a that of a location-scale mixture [3]] of the Gaussian z ~ N(0, E),

x =¢84 €5.

p(x) = C pEep ="

4.2 EM Algorithm Posterior Updates

We now assume arbitrary location parameter 1, along with drift (3, and structure matrix
Y. To use the EM algorithm with the Gaussian complete log likelihood in (I4), we need
to calculate posterior expectation of 1.

We do this using the method of §2.3] If we take the derivative of — log p(x — ) with
respect to } ||x — pl|%_., then we get,

d
—1 X — pu, &)d
o1l — s < og/p( 1, €) 5)

e mlde [ B e _
o mede  fptc-peas D&
Thus, from @) and @), with k £ |d/2] (the greatest integer less than d/2) we have,

-1 P (flx = pill 5-0)

E(x) =
CR = s P (= all )
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where p® is kth derivative of the univariate scale mixture p(z).

4.3 Closed Form Parameter Updates

Given N observations {xk}{cv:l, the p that maximizes the complete log likelihood is

found to be, )
Xk — 0
=N Zlk (15)
N >k Yk

where v, = E(£71x).
The estimation equation to be solved for 3, which does not involve the posterior
estimate of &, is,

¢ (L1181 %-1)
e(2118)1%)

where ¢ = ]{[ > Xk. This gives 3 in terms of p up to a scale factor. Given i, the

B=c—p (16)

optimal 3, denoted 3*, may be found by first determining ¢ = } [|3* ||§_1 from,

, 2
h) 2 (9” “)) ¢ = le—pl3a

assuming that the univariate function h is invertible. Then 5* is given as,

«_ %)
pr = C—p
¢'(¢) (e =)
Given (3*, we may determine the optimal p* by substituting 3* into (I3). Repeated
iteration constitutes a coordinate ascent EM algorithm for x4 and 3.
An alternative method suggests itself: if we fix the norm of /3 in the mixing density,
then we can solve for new estimates of p and  simultaneously. Let,

1 2
¢ (118l s-
aé]{]Zkr}/ka bé]{]Zkrykxk7 Té (2 21)

e (31801%-1)
Then from (I3) and (T6), we have,
ap*+ 0 =b
w+Thr=c
Solving for the components ;, 5;, 1 = 1,...,d, we get,

a 1| | pf b; . Thi—¢ . ac; —b;
= = . = ;=
[1 T][ﬁf] |:Ci:| Hi = ar -1 A ar — 1
For the structure matrix, 3/, setting the complete log likelihood gradient to zero, we get,

E= e — ) xe — )T — 32k — )BT
=~ k(e = = B) G — = )T = (i) BT
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5 Conclusion

We have shown how to derive general multivariate Gaussian scale mixtures in terms
of scalar Gaussian scale mixtures, and how to optimize them using an EM algorithm.
We generalized the spherically (or ellipsoidally) symmetric Gaussian scale mixture by
introducing a generalization of Barndorff-Nielsen’s generalized hyperbolic density us-
ing Generalized Gaussian scale mixtures, yielding a multivariate dependent anisotropic
model. We also introduced the modeling of skew in ICA sources, deriving a general
form of skewed multivariate Gaussian scale mixture, and an EM algorithm to update
the location, drift, and structure parameters.
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Abstract. In recent years, there has been an increasing interest in de-
veloping new algorithms for digital signal processing by applying and
generalising existing numerical linear algebra tools. A recent result shows
that the FastICA algorithm, a popular state-of-the-art method for lin-
ear Independent Component Analysis (ICA), shares a nice interpretation
as a Newton type method with the Rayleigh Quotient Iteration (RQI),
the latter method wellknown to the numerical linear algebra community.
In this work, we develop an analogous theory of single vector iteration
ICA methods. Two classes of methods are proposed for the one-unit lin-
ear ICA problem, namely, power ICA methods and inverse iteration ICA
methods. By means of a scalar shift, scalar shifted versions of both power
ICA method and inverse iteration ICA method are proposed and proven
to be locally quadratically convergent to a correct demixing vector.

1 Introduction

Independent Component Analysis (ICA) is a standard statistical tool for solv-
ing the Blind Source Separation (BSS) problem. Recently, there has been an
increasing interest in developing new algorithms for digital signal processing by
applying and generalising existing numerical linear algebra tools. In this work,
we develop a theory of one-unit linear ICA algorithms in the framework of single
vector iteration methods, which are efficient numerical linear algebra tools for
computing one eigenvalue-eigenvector pair of a real symmetric matrix.

The FastICA algorithm, developed by the Finnish school, is one of the most
popular algorithms for the linear ICA problem. Recent work in [1I2] suggests a
strong connection between FastICA and the Rayleigh Quotient Iteration (RQI)
method, which is wellknown to the numerical linear algebra community. A deeper
result further shows that FastICA shares a nice interpretation as a Newton type
method similar to RQI [3]. Other than being interpreted as a Newton method,
RQI was originally developed as a single vector iteration method, specifically, a
scalar shifted inverse iteration method [4]. In this work, we propose two classes
of single vector iteration method for the one-unit linear ICA problem, namely,
power ICA methods and inverse iteration ICA methods.

M.E. Davies et al. (Eds.): ICA 2007, LNCS 4666, pp. 105-{12] 2007.
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This paper is organised as follows. Section ] briefly introduces the one-unit
linear ICA model with the motivation of developing single vector iteration ICA
methods. By means of a scalar shift, scalar shifted versions of both power
ICA method and inverse iteration ICA method are proposed in Section Bl and
Section Ml respectively. Both scalar shifted ICA methods are proven to be locally
quadratically convergent to a correct demixing vector. As an aside, the stan-
dard FastICA can be considered as a special case of the scalar shifted power
ICA method. Finally in Section [ several numerical experiments are provided
to verify the theoretical results regarding the local convergence properties of the
proposed algorithms.

2 The One-Unit Linear ICA Model

We consider the standard noiseless linear instantaneous ICA model, Z = AS,
where S € R™*" represents n samples of m sources with m < n, the full rank
matrix A € R"*™ is the mixing matrix, and Z € R™*" is the observed mixtures,
see [5]. The source signals S are assumed to be unknown, having zero mean and
unit variance, being mutually statistically independent, and at most one being
Gaussian.

The task of linear ICA is to recover the sources S by estimating the mixing
matrix A given only the mixtures Z. By finding a matrix V' € R™*"™ such that
W =VZ = VAS with E[ww'] = I, the whitened demixing linear ICA model
can be formulated as Y = X TW, where W € R™*" is the whitened mixture,
X € R™*™ is the demixing matrix with XTX = I, and Y € R™*" is the
recovered signal.

Let us denote by S™~ ! := {z € R™|||z|| = 1} the (m — 1)-dimensional unit
sphere and by X = [z1,..., 2] the orthogonal demixing matrix. In this work,
we study the so-called one-unit linear ICA problem, which estimates only one
source at one time. It is equivalent to seeking an z € S™~! which gives a correct
estimation of one single source. A generic contrast function of the one-unit linear
ICA, which was proposed for developing the FastICA algorithm [5], can be given
as follows

fSTUSR, f(a) = EG w), (1)
where G: R — R is usually assumed to be even and differentiable. Under certain
weak assumptions, it has been shown that a correct demixing vector z* € ™!
is a critical point of f, refer to [2] for details.

Recall the critical point condition of the contrast function f as follows

E [G'(z"w)w] = vz, (2)

with G’ being the first derivative of G and v € R. One might consider the expres-
sion E[G’(zTw)w] as a nonlinear operator acting on € R™. Thus, a solution
(v, z) of the critical point equation as in (2] can be treated as an eigenvalue-
eigenvector pair of this nonlinear operator. We can rewrite (2) as

E {G’(m—rw)w—rac G'(z"w)

T w] =z = ]E{ Ty WY ]x:q/ac. (3)
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1o T
It is known that the operator E [Ggww)ww—r] € R™*™ can be made positive

definite by choosing the function G carefully 2], e.g., two functions widely used
for FastICA, G(a) = logcosh(a) and G(a) = a* both do the job. In this way, the
expression E[G’(z"w)w] can be decomposed as a product of a positive definite
matrix with a vector.

Let H: R — R be smooth with H(a) > 0 for all a € R, we define

B: §mt s RmXm, B(z) :=E [H(z www']. (4)
Similar to @) we then define
F:8™ ' - R™  F(x):= B(z)x. (5)

Notice that such a B(z) is a real symmetric matrix. Therefore the key work of
this paper is to develop a theory of single vector iteration methods for solving
the one-unit linear ICA problem, which is completely analogous to the numerical
linear algebra tools for the real symmetric eigenvalue problem.

3 Power ICA Methods

According to the multiplicative decomposition of the nonlinear operator F' sug-
gested in ([f), a simple power method applied to the matrix part B(z) can be
formulated as follows

B(x)x

. Smfl N Smfl’ T — . 6
n 1B(z)a] (6)

Let 2* € S™~! be a correct demixing vector. By the assumption of zero mean
and unit variance of the sources, the expression B(z*) gives an invertible matrix
with two positive eigenvalues, namely, A\; = E [H(z*"w)] > 0 occurring with
multiplicity m — 1 and single Ay = E [H (z*"w)(2*"w)?] > 0. The corresponding
eigenvector of the eigenvalue A is z*, i.e. B(x*)z* = Aox™ holds. We therefore
have proven.

Lemma 1. Let 2* € S™ ! be a correct demizing vector. Then x* is a fized point
of the power ICA method 7). O

By taking the first derivative of 7 at z* in any direction & € T,«S™ 1, one gets
D n(xz*)€ # 0. That is, by a Taylor-type argument, the algorithmic map 1 does
not correspond to a locally quadratically fast algorithm. Here, T,,S™ ! = {¢ €
R™|zT¢ = 0} denotes the tangent space of the unit sphere S™~! at a point
re SmL

In the rest of this section, we will modify the power ICA method (@) to obtain
second order convergence in the framework of a scalar shift strategy, which has
been successfully used in developing the RQI [4] and generalising a simple one-
unit ICA method proposed by Regalia and Kofidis [6l3]. Let us define a smooth
function p: S™~! — R. We construct a scalar shifted nonlinear operator acting
on S™~ ! as follows
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F,: S™ 1 - R™, Fy(x) := (B(x) — p(x)I) z. (7)

Let o = z*, one gets Fy(z*) = Aa* with Ay = E [H(«" "w)(z" " w)?] — p(z*).
To formulate a well-defined power method based on the operator as in (), it
is necessary to have As # 0, i.e., p(z*) # E[H(2*Tw)(a* " w)?]. Moreover, if
As < 0, the corresponding power method is then not differentiable at the point
x* following a similar argument as for the standard FastICA in [3]. Therefore,
by introducing a sign correction term, see [3], we formulate the scalar shifted
power ICA method as follows

ne: S™E — gmTL T

where 7(z) = 2" B(x)x — p(x). The following lemma is then immediate.

Lemma 2. Let 2* € S™~ ! be a correct demizing vector and p : S™ ' — R a
smooth map with p(z*) # E [H(z*Tw)(2* Tw)?|. Then x* is a fived point of the
scalar shifted power ICA method n;. O

Now we will study the additional conditions on the scalar shift p, which fulfils
already the condition stated in Lemma [ such that the algorithmic map ng is
locally quadratically convergent to a correct demixing vector x*. Define

9)

By a straightforward computation, the first derivative of s at «* in direction
£ € T,-S™ ! can be computed as

1 ﬁg(x*) ﬁs(l‘*)T> _
[ I= = = D Fy(x)&|p=2+, 10
::1;(/112*)

D s (2)8|o=ar =

where P(z*) is an orthogonal projection operator onto the orthogonal comple-
ment of the span of z*. Thus one has

Dns(@)lpmar =0 = DF()E|pmp = y2". (11)
Now by the chain rule, we compute
D Fy(@)éloma =D, () Eloma Fo(@™) + ;) D Fs(@)€l oo (12)
with
D Fy(2)€| oo =(E[H (" Tw)] + E[H (" Tw) (2" Tw)])€
=D p(2)f|o=z- 2™ — p(z*)E.

According to the fact that the first summand in (I2) and the second summand
in ([3)) give already a scalar multiple of 2*, the expression in ([[0]) vanishes if and
only if

(13)

p(z*) = E[H (2" Tw)] + E[H' (2" Tw) (2" "w)]. (14)

Therefore, following a Taylor-type argument, we conclude
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Theorem 1. Let x* € S™ ! be a correct demizing vector and p: S™ ! = R a
smooth map such that

plz*) #E [H(ac*Tw)(m*Tu))Q] , and
p(z*) = E[H (2" "w)] + E[H' (2" Tw) (2" w)].

Then the scalar shifted power ICA method ns is locally quadratically convergent
to x*. O

Naturally, a simple choice of the scalar shift p to make 7, locally quadratically
convergent can be constructed by

ppi STTU SR, pp(e) = E[H(a w)] + B[ w)(@ w)].  (15)
We denote the corresponding algorithmic map by 75 using pp as the scalar shift.

Remark 1. If one defines H(a) = G'(@) s suggested in (@), the resulting algo-

a

rithm is essentially the same as the FastICA/ANPICA algorithm in [3].

4 Inverse Iteration ICA Methods

Recall the result in Section B that the expression B(x*) is indeed an invertible
matrix. In this section, we propose power-type methods applied on the inverse
of B(z) and its scalar shifted generalisations. We call them inverse iteration ICA
methods. Firstly, we define a nonlinear operator acting on S™~! as

K: 8™ ! 5 R™, K(z):= B(z) a. (16)

Note that the above operator K is locally well defined at least in an open neigh-
borhood U.(z*) C S™ ! around x*. It is also worthwhile to notice that K (x)
can be computed efficiently by solving the following linear system for v € R™,

B(z)u = x. (17)
Thus a simple inverse iteration ICA method based on K can be formulated as

B(x) 'z

¢C: 8™ o U(z*) — S x P
1B(z)~ ]

(18)

By the fact that B(z*)~12* = 1/ 2", we just have proven

Lemma 3. Let 2* € S™ ! be a correct demizing vector. Then x* is a fized point
of the inverse iteration ICA method (. O

Again, by showing that the first derivative of ¢ at z* in any & € T,-S™ ! does
not vanish in general, i.e., D ((z*)€ # 0, we conclude that the algorithmic map
¢ is not locally quadratically convergent to z*. Once more, we will modify the
inverse iteration ICA method as in ({I8)) in the framework of scalar shift strategy
to obtain second order convergence.



110 H. Shen and K. Hiiper

Let p: S™~! — R be smooth. We define a scalar shifted nonlinear operator
as follows

Kg: 8™V S R™ K (z) = (B(z) — p(a)]) "' z. (19)

Such an operator is well defined if and only if, for any x € S™~1, B(z) — p(x)I is
nonsingular. Now let = z*. As discovered in Section B the matrix B(z*) has
only two positive eigenvalues A\; = E [H(2* "w)]| and Ay = E [H (2" "w)(2* " w)?].
Further analysis shows

(i) If p(x*) = A1, the resulting operator B(z*) — p(x*)I is of rank one, i.e. K
is not defined at x*;

(ii) If p(z*) = Ag, the matrix B(z*) — p(z*)I is of rank m — 1. Although the
operator Kj is still not defined, one can rescue the situation, i.e. remove the
pole, by replacing the inversion by the classical adjoint, which has been used
to handle a similar situation when analysing RQI in [7].

We therefore define B
Ky(x) := adj (B(x) — p(x)I) . (20)

Note that K, is locally well defined in U.(z*) C $™ ! and K(z*) = (A —
o)™~ 1z*. We now propose the following iteration method, still called the scalar
shifted inverse iteration ICA method,

adj (B(z) — p(z)I)

< ST O U(at) — S, = ad; '
G > Ue(a") 7 ladj (B(x) — p(x)]) 2|

(21)

We can now state

Lemma 4. Let x* € S™ ! be a correct demizing vector and p : S™ 1 — R a
smooth map with p(z*) # B [H(«*"w)|. Then x* is a fived point of the scalar
shifted inverse iteration ICA method (s. O

By similar arguments as in Section B, to make the first derivation of (s at z* in
direction ¢ € T~ S™~1 vanish, i.e. D (s(2)€&|z=s = 0, is equivalent to requiring

D Ro()Elomsr = 72" (22)
A tedious computation shows that the equation in (22]) holds true if and only if
pla*) = E[H (@ Tw) (¢ Tw)?] - E[H (T w)(«" T w)]. (23)

Therefore we just proved

Theorem 2. Let x* € S™ ! be a correct demizing vector and p: S™ ! - R a
smooth map such that

p(z*) # E [H(z*"w)|, and
p(a") = E[H (@ w)(@ Tw)?] - EIH (@ w)(@ Tw))

Then the scalar shifted inverse iteration ICA method (s is locally quadratically
convergent to x*. a
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A natural and simple choice of the scalar shift p to make (s locally quadratically
convergent to x* can be constructed by choosing

i ST SR, pi(e) = E[H (@ w)(@ w)?] + E[H @ w) (@ w)].  (24)

It is clear that, in general, pi(z*) # E[H(2*Tw)(2*Tw)?]. Therefore one can
construct the following algorithmic map locally, using p; as the scalar shift,

= gm—1 ") — m—1 €T — “(193 ((B(x)—pi(x)l)_lx)
ST ) = S Ik (B(@) — (@)D |

with s(x) = 2T (B(x) — pi(2)I)~'x. The convergence properties as in Theorem ]
apply to (s as well.

(25)

5 Numerical Experiments

In this section, we will verify the results in Theorem [l and [2] by several exper-
iments. Local convergence properties of two scalar shifted single vector itera-
tion ICA methods, namely 75 and (s, are investigated and compared with the
classical FastICA/ANPICA. We specify the function H for both single vector
iteration ICA methods by choosing H(a) = logcosh(a) and the function G for
FastICA/ANPICA by G(a) = logcosh(a), as well. A toy set of sources is illus-
trated in Fig. It is well known that the mutual statistical independence
can only be ensured if the sample size n tends to infinity. In this experiment,
therefore, we set n = 107 artificially high.

All three methods are initialised by the same demixing vector. However it
is worthwhile to notice that these algorithms can converge to different correct
demixing vectors. We only show a case where it happens that they all converge

Source 1

0 50 100 150 200 250 300 350 400 450 500

B —

0 50 100 150 200 250 300 350 400 450 500

2

10
0 10
-2

0 50 100 150 200 250 300 350 400 450 500 107

Source 2
lhx =x I

—+— Scalar shifted power ICA method
—o6— Scalar shifted inverse iteration method
— & — FastiCA/ANPICA

Source 3

1 2 3 4 5 6
Hteration (k)

(a) Source signals (b) Convergence properties

Fig. 1. Local convergence properties of scalar shifted single vector iteration ICA meth-
ods (scalar shifted power ICA method vs. scalar shifted inverse iteration ICA method)
and FastICA/ANPICA
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to the same correct demixing vector z*, see Fig. [Il The error is measured by
the distance of the accumulation point =* to the current iterate xy, i.e., by the
norm ||z — z*||. The numerical results in Fig.[L(b)]show that both scalar shifted

single vector iteration ICA methods, namely 75 and (s, share the the same local
quadratic convergence properties with the classical FastICA/ANPICA.
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Abstract. The applications of Non-Negative Tensor Factorization
(NNTF) is an important tool for brain wave (EEG) analysis. For it to
work efficiently, it is essential for NNTF to have a unique solution. In this
paper we give a sufficient condition for NNTF to have a unique global
optimal solution. For a third-order tensor 7" we define a matrix by some
rearrangement of 7" and it is shown that the rank of the matrix is less
than or equal to the rank of 7. It is also shown that if both ranks are
equal to r, the decomposition into a sum of r tensors of rank 1 is unique
under some assumption.

1 Introduction

In the past few years, Non-Negative Tensor Factorization (NNTF) is becom-
ing an important tool for brain wave (EEG) analysis through Morlet wavelet
analysis (for example, see Miwakeichi [MMYV] and Morup [MHH]). The NNTF
algorithm is based on Non-Negative Matrix Factorization (NNMF) algorithms,
amongst the most well-known algorithms contributed by Lee-Seung [LS]. Re-
cently, Chichoki et al. [CZA] deals with a new NNTF algorithm using Csiszar’s
divergence. Furthermore, Wang et al. [WZZ] also worked on NNMF algorithms
and its interesting application in preserving privacy in datamining fields. These
algorithms converged to some stationary points and do not converge to a global
minimization point. In fact, it is easily shown that the problem has no unique
minimization points in general (see [CSS|). In applications of NNTF for EEG
analysis, it is important for NNTF to have a unique solution. However this
uniqueness problem has not been addressed sufficiently as far as the authors are
aware of. Similarly as in Non-Negative Matrix Factorization (NNMF), it seems
that the uniqueness problem has not been solved. However we managed to ob-
tain the uniqueness and proved it. (see Proposition [). In this paper we give a
sufficient condition for NNTF to have a unique solution and for the usual NNTF
algorithm to find its minimization point in the case when NNTF exists strictly,
not approximation (see Theorem [3)).

* The research is supported partially by User Science Institute in Kyushu University
(Special Coordination Funds for Promoting Science and Technology).
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2 Quadratic Form

As the NNMF problem is a minimization of a quadratic function, we shall first
review quadratic functions generally. Let us consider the quadratic form defined
by f(z) = 27 Az —2bT 2 where A is a n x n symmetric matrix and b is a n vector.
The symmetric matrix A is a diagonalized by an orthogonal matrix P as

PAPT = diag(eq, ..., en).

Then by assigning y = (y1,...,yn)’ = Pz and ¢ = (c1,...,¢,)T = Pb, we
obtain the equality

2
f(z) =yt (PAPT )y — 2¢Ty = Z(eiyf —2¢,y;) = Z (ei(yi _ Zl )2 - 3) .
We assume that the matrix A is positive definite. Then,when f(z) reaches its
minimum at y = (PAPT) " lc = (PAPT)"1Pb = PA~'b in R", with the value
f(A7') = —bTA7 b at x = PTy = A~'b € R”. The minimal value is under the
condition x > 0. Here, some basic facts will be explained. Let a € R™ and let
h: R™ — R be a function defined as h(z) = ||z — a||®, where |- || stands for the
common Euclidean norm.

Lemma 1. On the arbitrary closed set S of R™, h(t), t € S takes a global
minimal value in S.

Proof. Choose an arbitrary to € S, and set s = h(tg) and U = h=1([0, s]) N S.
The set U is a closed subset of R™. By triangular inequality, we know that
h(t) > ||t]| — |||l Since s > h(t) for t € U, it holds that ||t]] < s+ | a| which
shows that U is bounded. Hence, since U is bounded and closed, it is compact.
Thus h(t), t € U becomes a closed map, and h(U) is also compact. That is,
h(t), t € U takes a global minimum value, say sg. Thus, it holds that for ¢t € S,
h(t) > sif t ¢ U, and h(t) > so if ¢ in U. This means that s¢ is the global
minimum of A on S. O

Lemma 2. Let S be a closed convex subset of R™. Then h(t), t € S reaches a
global minimal value at a unique point in S.

Proof. The existence of a global minimal value follows from Lemmalll Let x and
y be points in R"™ which attain a global minimal value r := min,cgs f(2). Note
that @,y € SNIB,(z0), where By(a) :={z | ||z —a| <r} and 0B, (a) := {z |
|z — al| = r}. Since SN B, (a) is also convex, tx + (1 —¢)y € SN B,(a) for each
0<t<1.Ifz#uy,then ||a— (z+y)/2| <r, which is contradiction. Therefore
r=y. O

Let D = diag(/e1,...,v/én), 2= DPxand S ={z € R" |2 > 0}. Note that S
is a convex set of R™ and f(z) = h(z) for a = D! Pb. Therefore f(x) reaches a
global minimal value at a unique point under the condition x > 0.
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The following are some basic facts about matrix decompositions. Let A, W
and H be m x n, m x r and r X n matrix respectively. Then || A — W H || for any
H with H > O and any W with W > O reaches a global minimal value at a
unique m x n matrix W H but W and H are not unique. We state this precisely
below.

Proposition 1. The following properties hold:

1. If r = rank(A), there exist W and H such that A= WH.

2. If r > rank(A), there exists an infinite number of pairs of W and H such
that A=WH.

3. Let r = rank(A). Then if A= WH = W'H’ there exists a non-singular ma-
triv X such that W' = WX, H = X~'H ([CSS, Full-Rank Decomposition
Theorem]).

4. If r < rank(A), there exists no pair of W and H such that A= WH.

Proof. () In this case, let W be a matrix whose columns are linearly independent
vectors of length m. From the assumption it is clear that the columns of A are
expressed as linear combination of columns of W hence A = WH.

@) In this case, put s = rank(A), (r > s). By property (), we know there
exists a m X s matrix W7 and a s X m matrix H; such that A = W1 H;. Place
W = (W1 Wg) and H = (Z;) where Wy and Hs are m X (r — s) matrix and
(r — s) X n matrix respectively and satisfy WaHs = 0. There are infinitely many
such pairs of (Wa, Ha), and for all of those it clearly holds that A = WH.

@) From r = rank(A), in the expression of A = WH = W'H’, the columns
of W and W' are linearly independent respectively. Hence we have W' = WX
for some regular r x r matrix X. From this the rest of (@) is derived trivially.

@) Since rank(W H) < r, it is impossible to have A = WH. O

3 Non-Negative Matrix Factorization

It is well known NNMF (Non-Negative Matrix Factorization) is not unique
(ICSS]). Let V, W and H be a m x n, m x r and r X n matrix respectively.
For a matrix A, we denote by A;; the (4, j)-component of A and its Frobenius

norm is defined by
| Allim yfir(AT 4) = \/Z A2,
(]

where ¢r takes the sum of all diagonal entries.

Lemma 3. Fizing H, f(W) =||V—-WH ||r attains the minimum at the solution
W of the equation W(HH™) = VHT. Especially, if HH” is non-singular, the
minimum is attained at the unique point W = VHT(HHT)™1,
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Proof. 1t holds that

FOV) = (Vij =Y Wi Hy))?

(]

= Z (Z WipHijquqj -2 Z V;J‘WipHpj + V;?)
ij \DPq P

= Z(HHT)quipWiq -2 Z(VHT)ipWip + Z Vz?
4,p,q ip ij

Therefore f(W) is a quadratic function of W;; (i=1,2,---,m, j =1,2,--- 7).
Put

t=Wit,...,Wir, o, Wity oo, Wie) T € R™",
a=((VH ) 11,...,(VH ) 1py...,(VH )1, ..., (VH"),,, )T € R™"

and define a mr x mr matrix M by diag(HH”,..., HHT). Then, M is positive
semidefinite and f(W) is expressed as

fW) =a"Mz— 24"z + ) V3.

(2¥]

Assume that HH” is non-singular. Then M is positive definite and thus the
minimum of f(W) is attained at the unique point = M ~'a, that is, W7 =
(HHT)"Y(VHT)T equivalent to, W = VHT(HH?”)~!. The minimum value is

fFW) = VI[E — IWH|[3 (1)
and we also have |WH ||%=tr(WTVHT) =tr(HHT)"Y(VHT)T(VHT)). O
Since |V — WH ||p=|| VT — HTWT ||, fixing W, ||V — WH ||r attains the
minimum at the unique point V = (WTW)"1WTV if WTW is non-singular.

We recall the Lee-Seung NNMF Algorithm for the Frobenius norm property.

Theorem 1 ([LS]). The Frobenius norm ||V —W H || is non-increasing under
the update rules:

(WTV),
(WTWH)ij

(VHT)y

Hig = Hig (WHHT),,

Wij — Wi

Now we propose the following improvement of the Lee-Seung NNMF Algo-
rithm for the Frobenius norm property. For matrices X with X > 0 and Y,
let e (X,Y) =max{t | (1 - )X +tY >0, 0 <¢ <1}
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Theorem 2. The Frobenius norm ||V — WH || g is non-increasing under the
update rules:

(1= ho)WIW)*WTV + hoH, if WTW is non-singular and hg > 0

H I (WTV),;
Y (WIWH);
(1 —wo)VHTY(HHT)™' +woW, if HH" is non-singular and wo > 0

W<  (VH);
Y(WHHT);;’

otherwise

otherwise

where hg = tyae (WTW)TIWTV, H) and wo = tpmee(VHT(HHT)=Y W).

Proof. If either WT'W is singular or hg = 0, the claim follows from Theorem [
Suppose both WT'W is non-singular and hg > 0. By Lemma B3] fixing W, ||V —
WH || takes minimum at (WZW)"'WTV without the assumption z > 0. Let
us denote H' = (1 — ho)(WTW)"*WTV + hoH for clarity. On the line from H
to H', the Frobenius norm decreases and thus ||V — WH ||p>||V — WH' ||p.
Clearly H' > 0 which follows from the definition of hq. O

4 Non-Negative Tensor Factorization

4.1 Existence of a Global Optimal Solution

Let R>o be the set of all non-negative real numbers. Let 7" be a third-order
tensor in R‘;ﬁbxc. Let X = (xl ...xr), Y = (y1 yr) and Z = (21 zr) be

. . : b
axr,bxrand cxr matrices, respectively. We define a function f over R(fgr +or

as
2
XY, 2) =" (tijk - ZXMYJ[ZM> ,

ik ¢

Let Sy = {x € R%, | ||«|| = 1} be an intersection of an unit sphere in R” with

Rl’zo. Put § = (R%)*7 x (Sp)*" x (S¢)*" for short, where M*" = M x ---x M (r
times). Then S is a closed subspace of R(;J T and the image f(S) coincides

with the full image f(RFT7). Let (X,Y,Z) € S. Then X > O, Y > O,
Z >0 and |ly;|| = 2]l =1 for all j. Noting that

2
Z (Z Xiijsz‘> = Z(XMYJ‘ZZM)Q = |||

w3,k \ L 4,5,k

i 50 O XMYJ[ZM)2 is bounded, || X || is also bounded and thus so is S.
Hence, we can apply the proof of Lemma [I] for the function f on S instead of h
and we obtain an existence of a global minimal value.



118 T. Sumi and T. Sakata

4.2 Uniqueness

We show the uniqueness under some assumption. First,several facts are pre-
sented. For convenience, we define

Xlo"'oXk:(l‘(ll)(X) ®x(1k)’.7xgil)®..®x7(dk))

for matrices Xy = (xgl), .. .,a:,(ﬁl))7 e Xg = (xgk), .. &k)) with r-columns.
For u = (1,...,1)T € R", we have f(X,Y,Z) =|T — (X oY o Z)u||%. For a
transformation M, = (m;;) among {1,...,7} o, a permutation matrix M, is

defined by m;; = 0 For a permutation matrix M, it does hold that

io(j)-
M} = My =M;".
Proposition 2. In a general P, the following equation does not hold
(XiP)o---0o(X,P)=(Xj0---0X,)P.
However, if P is a permutation matriz, and Py, ..., P, are diagonal matrices,

(XiP)o---0o(X,P)=(Xj0---0X,)P
(X1P1)O"'O(XTPT):(X10~-~OXT)P1--.PT

does hold.

Lemma 4. Let A and C' be m X r matrices and B and D be n X r matrices, and
Q be r x r non-singular matriz. Assume that Ao B = (C o D)Q and rank(C) =
rank(C o D) = r Then there exists a permutation matriz P = M, such that both
of PQ and QP~' become diagonal matrices and A = CQX and B = DP~'X !
hold for some diagonal matriz X . Further suppose that A, B,C, D > 0. Let Q1 /;
be a rxr matriz whose (i, j)-component is the square root of the (i, j)-component
of Q. Then Qo is a real matriz, and both A = CQ,/3X and B = DQl/QX*1
hold for some diagonal matriz X .

Proof. We use the notations A = (al,...ar), = (b1,...b,) = (biy), C =
(c1,...¢r), D = (di,...dr) = (dij), Q = (¢ij)- Smce ® is a bilinear operation
and rank(C o D) = r, it holds that di # 0 (Yk) and that dj // d; implies k = £.
Since Ao B=(Co D)Q7 we have

ap ®@ by, = Z%kcé ®de, "k, and byar = ZQdei€C€7 Vi, k.
¢ ¢

Since ) is non-singular, for each k there exists a permutation o(k) such that
9o(k)k 7 0. Now we will show that for each £ there exists an ¢ such that by # 0.
Assume that b, = 0 for some s. Then, it holds that Ze Qesce ® dy = 0, and since
rank(C o D) = 7, it holds that gos = 0 (Y¢). This contradicts to the fact that
Q is non-singular. Therefore, for each £, there exists a 7(¢) such that b, (s, # 0.
Then, it follows

Qekbindy (ke = Qeebr (pypdic, ik, L
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from the equality

bryrbikar = Z bikQerdy (kyeCe = Zbr(k)k%kdifcéa Vi k
¢ ¢

d,

and rank(C) = r. On the assumption of g # 0, since dyp = b (k) b for all

T(k)k

d,

i it holds that d; = . by, Especially it holds that d, )y, # 0. That is, it
T(k)k

holds that dg // by. Hence, by rank(C o D) = r, if qu, # 0, then ¢ = o(k). This

implies that there exists a permutation matrix P = M, such that both of PQ

dT ag
and QP! are diagonal. Then, if we choose X = diag < (k)o (k) ), it holds that
T(k)k
dr (ko (k) br (k) v
Ak = 4o (k)k * Co(k)s b, = da(k)7 k
br(kyk dr(k)o (k)

that is, it holds that A = CQX, B = DP~'X~!. Further, on the assump-

ag dT g
tion of @ > 0, if we choose Y = diag (\/q (kb)k () (k))7 it holds that A =
T(k)k
CQ.2Y, B= DQl/QYfl. These completes the proof of Lemma Fl O

We should note that the factorization (X oY o Z) has the scalar uncertainty
such that for scalars a, b, ¢, it holds

(@' X)o(b'Y)o(dZ) = (abc)(X oY o Z).

where (o', V', ¢’) denotes any permutation of (a, b, ¢). Now we give a sufficient con-
dition that NN'TF has the unique global solution. From now set v = (1,...,1)7 €
R" and let f1,(T') be a a x bc matrix whose (¢, j + b(k — 1))-component is ;.
Then the following theorem holds.

Theorem 3. For f(X,Y,Z) =||T—(XoYoZ)ul|%, we assume rank(fl;(T)) = r
and min f(X,Y,Z) = 0. Then, under the condition rank(Y) = rank(Y o Z) =r,
the optimal global point is unique up to permutations and scalar uncertainty.

Proof. By triangular inequality we have
[(X10Y10Z1)u— (XgoYyoZo)u|r< f(Xo, Yo, Zo) + f(X1,Y1,7Z1) =0,

and thus (X o Yy o Zg)u = (X3 o Y; o Z1)u which is equivalent to the fol-
lowing equation Xo(Yy o Zo)T = X1(Y1 o Z1)T. By Proposition 0 @), there
exists a non-singular matrix @ such that X = Xo(Q7)™!, Yo Z = (Yoo
Z0)Q. From Lemma H for some permutation matrix P and diagonal matrix
Dy, it holds that D, := PQ is a diagonal matrix and Y = YyQD; and Z =
ZoP~'D;'. Hence, noting P~' = PT it holds that X = XoP~'D;', YV =
YoP~'DyDy, Z = ZyP~'D;*. Up to scalar uncertainty, (X,Y,Z) is equal to
(XoP~ 1, YoP™ Y, ZoP~Y) = (X0, Yo, Zo)P~ 1, and also it is, up to permutation,
equal to (Xo, Yo, Zo). O



120 T. Sumi and T. Sakata

In general, it does not hold (X o Yy 0 Zp)u = (X7 0 Y7 0 Z1)u, but we can show
the following property.

Proposition 3. For the function f(X,Y,Z) =[|T — (X oY o Z)u||%, assume
that (Xo, Yo, Zo), (X1,Y1, Z1) are two stationary points which attain the minimal
value such that f(Xo, Yo, Zo) = f(X1,Y1,Z1). Then it holds that

[(Xo o Yoo Zo)ulp=[|(X10YioZi)u|r .

Proof. Since f(X,Y,Z) =|| fl(T) — X(Y o Z)T ||%, from the equation (), we
have || flu(T) |3 — | Xo(Yo © Zo)" [|3-=I| fl(T) |3 — || X1(Y1 0 Z1)" ||. That is,
it holds that || Xo(YO o Zo)T ||F:|| X1 (Yl o Zl)T ||F O

Finally we remark that the equality
| Xo(Yo 0 Zo)" [|7=IYo(Zo © Xo)" [l 7= Zo(Xo © Yo)" || -

5 Conclusion

For a third-order tensor T" and each r, there exists a sum of r tensors of rank 1
which is the closest to T" in the sense of Frobenius norm (Existence property).
Generally, a global optimal solution is not unique for NNTF. For this problem
we proved that if 7" is of rank r the rank of the matrix made by an arrangement
of T is less than or eaual to r, and that if the equality of both ranks holds
the decomposition of T" into a sum of r tensors of rank 1 is unique under some
condition (Uniqueness property).
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Abstract. With the advent of high-throughput data recording meth-
ods in biology and medicine, the efficient identification of meaningful
subspaces within these data sets becomes an increasingly important chal-
lenge. Classical dimension reduction techniques such as principal com-
ponent analysis often do not take the large statistics of the data set into
account, and thereby fail if the signal space is for example of low power
but meaningful in terms of some other statistics. With ‘colored subspace
analysis’, we propose a method for linear dimension reduction that evalu-
ates the time structure of the multivariate observations. We differentiate
the signal subspace from noise by searching for a subspace of non-trivially
autocorrelated data; algorithmically we perform this search by joint low-
rank approximation. In contrast to blind source separation approaches
we however do not require the existence of sources, so the model is ap-
plicable to any wide-sense stationary time series without restrictions.
Moreover, since the method is based on second-order time structure, it
can be efficiently implemented even for large dimensions. We conclude
with an application to dimension reduction of functional MRI recordings.

1 Introduction

Dimension reduction considers the question of removing a noise subspace from
a larger multivariate signal. Classically, a signal is differentiated from noise by
having a higher variance, and algorithms such as principal component analy-
sis (PCA) in the linear case remove the low-variance components. This can be
extended to nonlinear settings, which results in methods including nonlinear
PCA [I], kernel PCA [2] and ISOMAP [3], to name but a few. These techniques
are well-developed and powerful if the noise is comparatively low (in terms of
power i.e. variance) when compared to the signal; in other words a signal mani-
fold has to be ‘visible’ in the local covariance matrix. However the methods fail
to capture signals that are deteriorated by noise of similar or stronger power.
Broadly speaking, there are two solutions to extract signals from higher-
variance noise: (a) use higher-order statistics of the data to differentiate signal
from noise, or (b) use additional information of the data such as temporal struc-
ture to define a signal manifold. (a) leads to the recently proposed non-Gaussian
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component analysis (NGCA ) [AE6], which is a semiparametric statistical frame-
work for searching non-Gaussian subspaces—there are a few algorithmic imple-
mentations such as the multi-index projection pursuit. The noise subspace is
characterized simply by being Gaussian. NGCA tries to detect the non-Gaussian
signal subspace within the data, and in contrast to independent component anal-
ysis no assumption of independence within the subspace is made.

More precisely, given a random vector x, a factorization x = As with an
invertible matrix A, s = (sy,s¢) and sy a square-integrable n-dimensional
random vector is called an n-decomposition of x if sy and s¢ are stochastically
independent and s¢ is Gaussian. In this case, x is said to be n-decomposable.
x is denoted to be minimally n-decomposable if x is not (n — 1)-decomposable.
It has been shown that the minimal NGCA signal subspaces of a minimally
n-decomposable decomposition are unique [5]. This method is clearly the only
available alternative to second-order approaches if i.i.d. signals are given.

However, if the observations possess additional structure such as temporal de-
pendencies, approach (b) provides an often simpler dimension reduction frame-
work. Frequently, it is implicitly taken by methods that preprocess the data by
transforming them into for example a Fourier or a Wavelet basis, which uses
the time structure only in the preprocessing step. The assumption is that in the
transformed domain, variance-based methods then suffice.

Here, we take approach (b) in a more direct fashion, and propose a novel
method that takes the idea of NGCA and its underlying algorithms [4l[6], namely
the decomposition into a maximally white and ‘another’ signal, to the temporal
domain, and apply it to the extraction of the signal subspace of fMRI data sets.

2 Colored Subspace Analysis (CSA)

The goal of CSA is to determine a basis of a random process such that in this
basis as many components as possible are white (i.i.d.). The remaining com-
ponents then span the ‘colored subspace’, onto which we project for dimension
reduction.

Let x(t) be an (observed) d-dimensional real stochastic process and A an
invertible real matrix such that x(t) = As(t). As in NGCA, an n-temporal-
decomposition of s(t) is defined by s(t) = (s¢(t),sw(t)). Here s¢(t) is an n-
dimensional square-integrable wide-sense stationary random process and sy (t)
is i.1.d., such that the auto-crosscorrelation of sy (t) and s¢(t) vanishes. Splitting
up A = (A¢, Aw) accordingly yields the generative model x(t) = Acsc(t) +
Aysw(t). With W := A=t =1 (W[, W},)T, the dimension reduction con-
sists of projecting x(t) onto the lower-dimensional signal s¢(t) = Wex(t). Note
that the more traditional model x(¢) = Agsg(t) + n(t) using full-rank noise
n(t) is included in the above model, simply by adding the n-dimensional part
of n(t) lying in the image of Ag to sg(t). Out claim then is that we cannot
distinguish between signal and noise in the signal subspace without additional
assumptions.
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2.1 Indeterminacies

The subspace given by the range of W¢ is denoted as the colored subspace
of x(t). Clearly, the coefficients of A or W cannot be unique. However, from
similar arguments as below, it can be shown that the colored subspace itself is
unique if the n-temporal decomposition is minimal in the sense that no (n — 1)-
temporal-decomposition of x(¢) exists; we have to assume that the noise subspace
is maximal as we do not make any assumptions on s ().

2.2 Algorithm

The key assumption of the model is that the s¢(t) and sy (t) have no common
autocorrelations, i.e.—after centering—that Rg(7) := E(s(t + 7)s(¢) ") is block
diagonal of the form
Reo(7) O

0 Ry (r) W)

for all 7. Moreover, the noise component sy (t) is characterized by being i.i.d.,
hence Ry, (7) = 0 for 7 # 0. It can be shown that minimality of the colored
subspace is guaranteed if n is chosen maximal such that there still exists a 7 # 0
with full-rank Ry, (7). The factorization model now provides that the observed
autocorrelations Rx(7) can be factorized into

R, (7) = ARg(T)AT. 2)

As preprocessing, we first remove correlations by PCA, which guarantees that
R« (0) = I. Since the basis in the signal and noise subspaces are non-unique,
we may choose coordinates as normalization such that without loss of generality
Rs.(0) = I and Rg,, (0) = I, hence Rg(0) = I according to (). Then A is
orthogonal, because AAT = AR4(0)AT = Ry (0) =L

So the model factorization [2)) together with the block structure () implies
that A and hence the colored subspace can be algorithmically detected by block-
diagonalizing one symmetrized Ry (7) = 1/2(Rx(7) + Rx(7) ). Robustness can
be increased by performing orthogonal joint block-diagonalization [71[8] of mul-
tiple or all Rx(7) for 7 # 0.

The dimension n of the signal subspace can be determined as

n:= 111;1())( rank Ry (7),

which in practice has to be replaced by a thresholded or adaptive rank calculation
to allow for noise and finite-sample effects. Using the fact that R, (7) = 0, 7 # 0
more explicitly, we get

Rx(7) = (Ac, Aw)Rs(7)(Ac, Aw) " = AcRe. (T)AL.

Hence after joint block-diagonalization, the colored subspace is given by the
non-zero eigenvalues—which in the finite-sample case has to be approximated.

This model is closely related to the BSS-algorithms AMUSE [9], SFA [10]
for one and SOBI [I1I], TDSEP [12] for multiple autocovariance matrices. The
difference is that no generative data model is necessary—CSA is applicable to
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any wide-sense stationary random process; the signal subspace is automatically
and uniquely determined, and additional assumptions within the data subspace
(such as autodecorrelated sources) are not necessary. This is analogous to the
step from ICA to NGCA as discussed in the introduction.

Interestingly, the two models of ICA and autodecorrelation can also be com-
bined, see e.g. JADErp [13], where JADE and TDSEP are combined with
R(7),7 # 0 for ICA in the presence of i.i.d. Gaussian noise. Similar combina-
tions are possible for corresponding dimension reduction frameworks. A review
of related cost functions is given in [I4].

2.3 Block-Diagonalization by Joint Low-Rank Approximation

Recently, the authors have presented a method for extracting a single non-zero
block from a set of matrices distributed by unitary transformations [14]. There
we focused on the NGCA problem and proposed a procedure called joint low-
rank approximation (JLA) with a set {Mj}X_, of transformed block matrices
as Rx(7) in Eq.(2) for 7 # 0. The reduction matrix Wy, which extracts the
non-Gaussian part of the data x can be determined by maximizing £L(Wy) =
ZkK:l [WoM W ||Z,, over Stiefel manifold Wy € V,(R?), where ||C|3,, =
tr(CC*). It can be shown that the true reduction matrix is the unique maximizer
of £ up to equivalence in the Stiefel manifold. By taking derivative of L, we get

the equation
K

W Z M (Wo) = AW,
k=1
which can be solved by iterative eigenvalue decomposition, where My (W) :=
MkWJWOMZ + MZWJWOMk. Examples of such matrix sets for NGCA case
are:

(a) fourth-order cumulant tensor, i.e. QY := (cum(w;, x;, 21, ;) ) for all (k,1),
(b) Hessian of log characteristic function, i.e. My, := BC%QCT log E[exp(i¢ " x)]+1,.

For the second case, we developed somewhat sophisticated choices and updates of
the frequency vectors ¢, which is necessary to improve the performance of JLA.
In the case of CSA, we commonly fix the autocovariance matrices in advance,
but informative lags 7 can be chosen by a similar idea. Algorithm [ shortly
summarizes how JLA is applied to our autocovariance data set.

3 Simulations

As a simple toy example, we consider n = 3-dimensional colored signals in d =
10-dimensional data. The colored signals are three sinusoids of equal frequency
and varying phase, which have been instantaneously gaussianized, see figure[Il(a),
so methods based on higher-order statistics such as NGCA cannot work. They
have been embedded in white Gaussian noise of approximately equal power. The
resulting 10-dimensional data set is then mixed by a matrix A with coefficients
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Algorithm 1: Joint low-rank approximation for CSA

Input: d x T sample matrix X of a multivariate time series, number of
autocovariances K, source dimension n
Output: CSA projection W

prewhiten data

calculate eigenvalue decomposition (EVD) of covariance EqAoE{ = Cov(X)
V— Ay PE]

Y — VX

estimate autocovariance matrices
forr—1...K do
M, —(T—7)'Y(,1:T—7+1D)Y(,7:T)"
initialize JLA algorithm
calculate EVD EAE" =" M, +M]
W —E(;,1:n)"
I—{1,...,K}
iterate JLA, possibly quit loop earlier
fori—1...K do
M= M WIWM,] + MW WM.
calculate EVD M = E; A,E/
W —E;(;,1:n)"
determine 7o with minimal |[WM, W ||%/||M||%
remove 1o from [

W — WV

chosen from an standard normal distribution; the mixtures x(¢) are shown in
figure [[(b). The resulting SNR is -5dB, so distinction of signal from the noise
subspace by power (— PCA) cannot work either, as will also be shown later.

We first apply CSA with K = 10 autocovariance matrices and known signal
subspace dimension n = 3. If we multiply the recovered projection W with
the mixing matrix A, we expect W A to have strong contributions in the first
n X n-block and close to zero entries everywhere else. This is the case indicating
that CSA works fine, see Hinton-diagram in figure[Il(c). Indeed a possible error-
index e(Wegp) = [[(WegaA)(n + 10 d)||F is low (0.0139): If we perform
similar joint block diagonalization-based search for the projection, extending the
SOBI algorithm, we also achieve an approximate signal projection, however with
an increased error of 0.0363. If however only PCA is applied, the resulting error
is high with e(Wpcp) = 5.12, see figure II(d).

A more systematical comparison of the three methods is achieved when we
perform the above experiment for a batch run of length 100, with randomly
chosen A in each run. The resulting statistics, figures[Il(e-f), confirm the superior
performance of CSA in terms of recovery error, as well as computational time
(with respect to the extension of SOBI).
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Fig. 1. Toy example of an n = 3-dimensional signal (a) in d = 10 dimensions (b). CSA
outperforms the other methods (c-f). See text for details.

4 Signal-Subspaces in fMRI Data

Functional magnetic-resonance imaging (fMRI) can be used to measure brain
activity. Multiple MRI scans are taken in various functional conditions; the
extracted task-related component reveals information about the task-activated
brain regions. Classical power-based methods fail to blindly recover the task-
related component as it is very small with respect to the total signal, usually
around one percent in terms of variance. Hence we propose to use the auto-
covariance structure (in this case spatial autocovariances) in combination with
CSA to properly reduce the data dimension.
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fMRI data with 98 images (TR/TE = 3000/60 msec) were acquired with
five periods of rest and five photic simulation periods with rest. Simulation and
rest periods comprised 10 repetitions each, i.e. 30s. Resolution was 3 x 3 x 4
mm. The slices were oriented parallel to the calcarine fissure. Photic stimulation
was performed using an 8 Hz alternating checkerboard stimulus with a central
fixation point and a dark background with a central fixation point during the
control periods [I5]. The first scans were discarded for remaining saturation
effects. Motion artifacts were compensated by automatic image alignment.

In order to compare the performance of CSA versus standard PCA-based di-
mension reduction in varying source data dimension, we reduce the total data
to p € {2,5,10,20,50,98} dimensions by PCA. Then we either apply CSA or
PCA and order the components in decreasing order of the eigenvalues (of to-
tal autocovariance or covariance respectively). We analyze how well the task-
related component with the known task vector v € {0,1}°® is contained in a
component by f(i) := (Wq(i,:)v)?, where Wy is the separating matrix. In or-
der to allow for finite-sample effects, we compare the recovered subspace for all
varying reduced dimensions n by comparing it to the total power by plotting
c(n) =51 f(@)/>°F_, f(i) versus n, see figure 2

For strongly reduced data p < 5, both methods capture the task component
for low n, PCA more so than CSA. But in more realistic data settings p > 10,
necessary for full data evaluation, CSA consistently needs n = 5 components to
guarantee that the task-related component is contained in the signal subspace

(with cumulative contribution ratio .8 for p < 20), whereas PCA needs already
n = 18 components to guarantee the same for p = 20, and more so for larger p.

This illustrates that CSA can be used as preprocessing tool for fMRI data
much more efficiently than PCA, albeit at a somewhat higher computational

cost.
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Fig. 2. Comparison of CSA (left) and PCA (right) for dimension reduction

Conclusions. We have presented a generally applicable, efficient method for
linear dimension reduction that separates a subspace with nontrivial autocor-
relations (color) from the white remainder. Results on toy and real data are
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promising. Presently, we are working on a statistically sound estimation of the
subspace dimension as well as on a generalization without prewhitening. More-
over, we are planning to study the performance of CSA on other medical imaging
applications. We believe that the method may provide a useful tool for prepro-
cessing to allow for more efficient analysis in a lower-dimensional signal subspace
still capturing fine-grained and low-power statistics of the observations.
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Abstract. Renyi’s entropy-based criterion has been proposed as an ob-
jective function for independent component analysis because of its re-
lationship with Shannon’s entropy and its computational advantages in
specific cases. These criteria were suggested based on “convincing” exper-
iments. However, there is no theoretical proof that globally maximizing
those functions would lead to separate the sources; actually, this was
implicitly conjectured. In this paper, the problem is tackled in a theoret-
ical way; it is shown that globally maximizing the Renyi’s entropy-based
criterion, in its general form, does not necessarily provide the expected
independent signals. The contrast function property of the correspond-
ing criteria simultaneously depend on the value of the Renyi parameter,
and on the (unknown) source densities.

1 Introduction

Blind source separation (BSS) aims at recovering underlying source signals from
mixture of them. Under mild assumptions, including the mutual independence
between those sources, it is known from Comon [I] that finding the linear trans-
formation that minimizes a dependence measure between outputs can solve the
problem, up to acceptable indeterminacies on the sources. This procedure is
known as Independent Component Analysis (ICA).

This problem can be mathematically expressed in a very simple way. Con-
sider the square, noiseless BSS mixture model: a K-dimensional vector of inde-
pendent unknown sources S = [Si,...,Sk|" is observed via an instantaneous
linear mixture of them X = AS, X = [X1,..., Xg|T, where A is the full-rank
square mixing matrix. Many separation methods are based on the maximization
(or minimization) of a criterion. A specific class of separation criteria is called
“contrast functions” [I]. The contrast property ensures that a given criterion is
suitable to achieve BSS. Such a function i) is scale invariant, ii) only depends on
the demixing matrix B and of the mixture densities iii) reaches its global maxi-
mum if and only if the transfer matrix W = BA is non-mixing [I]. A matrix W

M.E. Davies et al. (Eds.): ICA 2007, LNCS 4666, pp. 129-[I36] 2007.
© Springer-Verlag Berlin Heidelberg 2007
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is said non-mixing if it belongs to the subgroup W of the general linear group
GL(K) of degree K, and is defined as:

W={W eGL(K): 3P € PX, Ac DX W =PA} (1)

In the above definition P* and DX respectively denote the groups of permuta-
tion matrices and of regular diagonal matrices of degree K.

Many contrast functions have been proposed in the literature. One of the most
known contrast function is the opposite of mutual information I(Y) [2] where
Y = BX, which can be equivalently written as a sum of differential entropies

h(.):
K K
I(Y) =) h(Yi) = h(Y) = Y h(Y;) — log| det B| — h(X). (2)
i=1 i=1
The differential (Shannon) entropy of X ~ px is defined by

h(X) = —E[logpx]. ®3)

Since I(Y) has to be minimized with respect to B, its minimization is equivalent
to the following optimization problem under a prewhitening step:

K
B B)=— b;X), lem 1 4
plax, C(B), C(B) ;h( ) problem (4)

where b; denotes the i-th row of B and SO(K) is the special orthogonal group
SO(K) = {W € GL(K) : WW" =1y, detW = +1}

with Ix the identity matrix of degree K. The B € SO(K) restriction, yielding
log | det B| = 0, results from the fact that, without loss of generality, the source
can be assumed to be centered and unit-variance (E[SS™] = I and A € SO(K)
if the mixtures are whitened [§]). Clearly, if W = BA, problem 1 is equivalent
to problem 2:

K

C(W), C(W)=— iS). lem 2
Wemsag(K)C( ), C(W) ;h(w S) problem

Few years ago, it has been suggested to replace Shannon’s entropy by Renyi’s
entropy [4J5]. More recent works still focus on that topic (see e.g. [7]). Renyi’s
entropy is a generalization of Shannon’s one in the sense that they share the
same key properties of information measures [I0]. The Renyi entropy of index
r > 0 is defined as:

1

mx) = Lo [ @, 5)

where 7 > 0 and lim,_1 h,(X) = h1(X) = A(X) and 2(X) = {z : px(z) > 0}.
Based on simulation results, some researchers have proposed to modify the
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above BSS contrast C(B) defined in problem 1 by the following modified
criterion

K

assuming implicitly that the contrast property of C,(B) is preserved even for
r # 1. This is clearly the case for the specific values r = 1 (because obviously
C1(B) = C(B)) and r = 0 (under mild conditions); this can be easily shown
using the Entropy Power and the Brunn-Minkowski inequalities [3], respectively.
However, there is no formal proof that the contrast property of C,.(B) still holds
for other values of r.

In order to check if this property may be lost in some cases, we restrict our-
selves to see if a necessary condition ensuring that C,.(B) is a contrast function is
met. More specifically, the criterion ér(W) should admit a local maximum when
W € W. To see if this condition is fulfilled, a second order Taylor development
of C.(W) is provided around a non-mixing point W* € W in the next section.
For the sake of simplicity, we further assume K = 2 and that a prewhitening is
performed so that we shall constraint W € SO(2) since it is sufficient for our
purposes, as shown in the example of Section 3 (the extension to K > 3 is easy).

2 Taylor Development of Renyi’s Entropy

Setting K = 2, we shall study the variation of the criterion éT(W) due to a
slight deviation of W from any W* € WNSO(2) of the form W «— EW™* where

s [ cos 6 sin&] )

—sin# cos @

and # ~ 0 is a small angle. This kind of updates covers the neighborhood of
W* € SO(K): it W, W* € SO(2), there always exists & € SO(2) such that
W = &@W*; & can be written as £ and if W is further restricted to be in the
neighborhood of W*, § must be small enough. In order to achieve that aim, let
us first focus on a first order expansion of the criterion, to analyse if non-mixing
matrices are stationary points of the criterion. This is a obviously a necessary
condition for C;(B) to be a contrast function.

2.1 First Order Expansion: Stationarity of Non-mixing Points

Let Z be a random variable independent from Y. From the definition of Renyi’s
entropy given in eq. (@), it comes that Renyi’s entropy of Y + €7 is

1
m(Y+ez)= | L oy [ (o), (®)

where the density py 1.z reduces to, up to first order in € [9]:

pysen(y) = py(y) — e TEUZ \Y;Jf)py(w)]
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Therefore, we have:

Poez) = pi ) — vy ) CECI IO ) o)

where ¢(¢, y) is o(€). Hence, noting that log(1+a) = a+o(a) as a — 0, equations

@) and (@) yiel

ro [Py Z\Y)py]( )dy
1—r fpy

But, by integration by parts, one gets

A WEEY I Wi = - [ 5 GEEY = sy, (2)
yielding
ro oyt ZIY)py] (ydy fp ZIY—y) v )y

1 r fpy fpy (13)

From the general iterated expectation lemma (p. 208 of [0]), the right-hand side
of the above equality equals

By (V) (Y)Z]
Sy (y)

if we define the r-score function ¥, (Y ) of YV as

oy (V) 1 )Y

[oywdy — py(Y) [py(y)dy

Observe that the 1-score reduces to the score function of Y, defined as —(log py')’.
Then, using eq. (), noting Y = EW*S, cosf = 1+0(f) and sin8 = 0+ 0(6),
the criterion C,.(EW™) becomes up to first order in 6:

ér(SW*) = _hr(Yl) - hr(Y2)
~ Cr(W*) £ 0{E[,(8)S:) ~E[wr (S8} (16)

The sign of # in the last equation depends on matrix W*; for example, if W* =
I,, it is negative, and if the rows of Iy are permuted in the last definition of W*,
it is positive.

Remind that the criterion is not sensitive to a left multiplication of its argu-
ment by a scale and/or permutation matrix. For instance, C,(W*) = C,(I3) =
—hy(S1) — hyr(S2). It results that since independence implies non-linear decor-
relation, both expectations vanish in eq. (I6) and C,(W) admits a stationary
point whatever is W* € W.

! Provided that there exist €* > 0 and an integrable function ®(y) > 0 such that for
all y € R and all |¢] < €, ¢(€,y)/e < @(y). It can be shown that this is indeed the
case under mild regularity assumptions.

he(Y +€Z)=h.(Y) — + o(e). (11)

= eE[y,(Y)Z], (14)

(V) = — (15)
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2.2 Second Order Expansion: Characterization of Non-mixing
Points

Let us now characterize these stationary points. To this end, consider the second
order expansion of py .z provided in [9] (Z is assumed to be zero-mean to
simplify the algebra):

1
PY+ez =Py + QEQE(Z2)P/1// +o(e?). (17)
Therefore, since Renyi’s entropy is not sensitive to translation we have, for r > 0:
2 r—1 /! d
& r [Py (ry)py(y) Y ar(Z) +o(e?),  (18)
2 1—r  [py(y)dy
~ ~

=J.(Y)

h (Y +€eZ)=h.(Y)+

where J.(Y') is called the r-th order information of Y. Observe that the first
order information reduces to .Ji(Y') = E[¢3. ], i.e. to Fisher’s information [2].

In order to study the “nature” of the stationary point reached at W* (mini-
mum, maximum, saddle), we shall check the variation of 5T resulting from the
update W «— EW™* up to second order in 6. Clearly, cos® = 1 — 6%/2 + o(6?)
and tan = 0 + o(#?), the criterion then becomes:

Cr(EW™)=—hy (Y1) — hr(Y2)
=—h,(S1 + tan6Ss) — h,(Se — tan6S7) — 2log | cos 0|

92 92
5 [J-(S1)var(Sa) + J.(Sa)var(Sy)]—2log |1 — 5 | 4+ 0(6%)

zér(W*) - 922 [J.(S1)var(S2) + J.(S2)var(S;) —2] 4 o(6?) (19)

=G (W)

where we have used H,.(aY) = H,(Y) + log|al, for any real number o > 0.
This clearly shows that if the sources share a same density with variance var(S)
and r-th order information .J,.(S), the sign of C,.(EW*) — C,.(W*) equals, up to
second order in 0 to sign(1 — J,(S)var(S)). In other words, the criterion reaches
a local minimum at any W € W if J,.(S;)var(S;) < 1, instead of an expected
global maximum. In this specific case, maximizing the criterion does not yield
the seeked sources.

3 Example

A necessary and sufficient condition for a scale invariant criterion f(W),
W € SO(K) to be an orthogonal contrast function is that the set of its global
maximum points matches the set of the orthogonal non-mixing matrices, i.e.
argmaxweso(k) f (W) = W. Hence, in the specific case where the two sources
share the same density pg, it is necessary that the criterion admits (at least) a
local maximum at non-mixing matrices. Consequently, according to the results
derived in the previous section, the J,.(S)var(S) < 1 inequality implies that the
sources cannot be recovered through the maximization of C,.(B).
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3.1 Theoretical Characterization of Non-mixing Stationary Points

The above analysis would be useless if the J,.(S)var(S) < 1 inequality is never
satisfied for non-Gaussian sources. Actually, it can be shown that simple and
common non-Gaussian densities satisfies this inequality. This is e.g. the case
of the triangular density. We assume that both sources Si,S2 share the same
triangular density p

Vit [s] < V6
pr(s) = (20)
0 otherwise .

Observe that E[S;] = 0, var(S;) = 1,7 € {1, 2}, and note that using integration
by parts, the r-th order information can be rewritten as

fp [Py )]Qdy.

fpy

Then, for S € {51, 52} and noting u =1 — s/\/6:

oY) =

\/6(1 _ S/\/6)T 2d8 r fol uT’Qdu ’I"(T + 1)/[6(7“ — 1)] ifr>1

JT(S) = 1

6 f (1—5/v6)rds 6 fo u"du 00 ifr<1
Thus J,.(S)var(S) < 1 if and only if r(r + 1)/[6(r — 1)] < 1. But for r > 1, the
last inequality is equivalent to 0 > r(r+1) —6(r — 1) = (r — 2)(r — 3). Therefore
Jr(S)var(S) < 1 if and only if 2 < r < 3, as shown in Figure[I(a)] We conclude
that for a pair of triangular sources, the criterion C,(B) is not a contrast for
2<r<3.

3.2 Simulation

Let usnote Y = [Y7, Y2]7, Y = WS, where Wy is a 2D rotation matrix of angle
6 of the same form of € but where 6 can take arbitrary values [0, 7]. The criterion
—(h(Y1)+ h,(Y3)) is plotted with respect to the transfer angle 6. Obviously, the
set of non-mixing points reduces to W = {Wy : § € {kn/2|k € Z}}. Drawing
this figure requires some approximations, and we are aware about the fact that it
does not constitute a proof of the violation of the contrast property by itself; this
proof is provided in the above theoretical development where it is shown that
out of any problem of e.g. density estimation or exact integration approximation,
Renyi’s entropy is not always a contrast for BSS. The purpose of this plot is,
complementary to Section 2, to show that in practice, too, the use of Renyi’s
entropy with arbitrary value of » might be dangerous.

Figure has been drawn as follows. For each angle 6 € [0, 7], the exact
triangular probability density function pr is used to compute the pdf of sin 65

2 This density is piecewise differentiable and continuous. Therefore, even if the density
expansions are not valid everywhere, eq. ([9) is still of use.
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Fig. 1. Triangular sources. (a): log(J-(S)var(S)) vs r. (b): Estimated Renyi’s criterion
Cr(€) vs 0. The criterion is not a contrast function for » = 2.5 and r = 5.

and cosfS, S ~ pr, by using the well-known formula of the pdf of a transfor-
mation of random variables. Then, the output pdfs are obtained by convoluting
the independent sources scaled by sinf and cosf. Finally, Renyi’s entropy is
computed by replacing exact integration by Riemannian summation restricted
on points were the output density is larger than 7 = 10~* to avoid numerical
problems resulting from the log operator. At each step, it is checked that the
pdfs of sinfS, cosS, Y; and Ys integrate to one with an error smaller than 7
and that the variance of the outputs deviates from unity with an error smaller
than 7. Note that at non-mixing points, the exact density pr is used as the
output pdf to avoid numerical problems.

The two last plots of Figure clearly indicate that the problem could be
emphasized even when dealing with an approximated form of Renyi’s entropy.
On the top of the figure (r = 1), the criterion C,.(W) = C(W) (or more pre-
cisely, C.(B) = C'(B)) is a contrast function, as expected. On the middle plot
(r = 2.5), Cr(Wy) admits a local minimum point when Wy € W (this results
from J,.(S)var(S) < 1), and thus violates a necessary requirement of a contrast
function. Finally, on the last plot (r=>5), the criterion is not a contrast even
though J,.(S)var(S) > 1 since the set of global maximum points of the criterion
does not correspond to the set W.

4 Conclusion

In this paper, the contrast property of a well-known Renyi’s entropy based cri-
terion for blind source separation is analyzed. It is proved that at least in one
realistic case, globally maximizing the related criterion does not provide the ex-
pected sources, whatever is the value of Renyi’s exponent; the transfer matrix
W globally maximizing the criterion might be a mixing matrix, with possibly
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more than one non-zero element per row. Even worst, it is not guaranteed that
the criterion reaches a local maximum at non-mixing solutions ! Actually, the
only thing we are sure is that the criterion is stationary for non-mixing matri-
ces. This is a mere information since if the criterion has a local maximum (resp.
minimum) point at mixing matrices, then a stationary point might also exist at
mixing solution, i.e. at W such that the components of WS are not proportional
to distinct sources. Consequently, the value of Renyi’s exponent has to be chosen
with respect to the source densities in order to satisfy ZZK:1 Jr(S;)var(S;) > K
(again, this is not a sufficient condition: it does not ensure that the local max-
imum is global). Unfortunately, the problem is that the sources are unknown.
Hence, nowadays, the only way to guarantee that C,(B) is a contrast function
is to set » = 1 (mutual information criterion) or » = 0 (log-measure of the
supports criterion, this requires that the sources are bounded); it can be shown
that counter-examples exist for any other value of r, including r = 2. To con-
clude, we would like to point out that contrarily to the kurtosis criterion case,
it seems that it does not exist a simple mapping ¢[.] (such as e.g. the absolute
value or even powers) that would match the set argmaxg ¢[C,(B)] to the set
{B : BA € W} where W is the set of non-mixing matrices, because there is no
information about the sign of the relevant local optima.
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Abstract. In this paper we propose a Variational Bayesian (VB) es-
timation approach for Blind Sources Separation (BSS) problem, as an
alternative method to MCMC. The data are M images and the sources
are IV images which are assumed piecewise homogeneous. To insure these
properties, we propose a piecewise Gauss-Markov model for the sources
with a hidden classification variable which is modeled by a Potts-Markov
field. A few simulation results are given to illustrate the performances of
the proposed method and some comparison with other methods (MCMC
and VBICA) used for BSS, are presented.

Introduction

We consider the problem of sources separation in the case of instantaneous mix-
ture with noisy images. We propose to use the Bayesian inference which gives
the possibility to take into account uncertainties and all prior knowledge on the
model of sources and observations. We assign priors to the noise, to the sources,
to the mixing matrix and to all the hyperparameters of the model and obtain
the expression of the posterior of all the unknowns. However, using this pos-
terior to compute its mode, its mean or its exploration needs approximation.
Classical methods of approximations are ¢) numerical methods such as MCMC
which requires in practice a great computational effort, ii) analytical methods
such as asymptotic approximation of Laplace which is more easily practicable
but makes typically a rough approximation.

In this paper we propose an alternative approximation method which is based
on a variational approach which offers a practical framework in term of efficiency
and precision[T],[2]. Indeed the goal is to give an approximation to marginal
likelihood or the model evidence which is the distribution of the data knowing the
model. The model evidence is obtained by integrating over the hidden variables
of the joined posterior law. Using variational approximation of the posterior
law is not new in image processing and in particular in image segmentation [3].
However, in our knowledge its use in blind image separation with a particular
mixture of Gaussians with a Potts Markov model is new. The hidden Potts
Markov model is and many works exist on different approximations such Mean
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Field Approximation (MFA) [4],[5] to resolve the problem. Here we propose a
global variational approach that insures us to maximize free energy with a more
complex hierarchical model since our problem is extended to sources separation
problem.

1 Sources Separation Model

An instantaneous sources separation problem can be written as:

x(r) = As(r) + (r), (1)
Where:
-x(r) ={z;(r),i=1,---, M} is a set of M images (observations) and r € R =
{1,---, R} is a pixel position with R the total number of pixels.
- A is an unknown mixture matrix with dimension (M, N),
-s(r)={sjr,j=1,---,n}isaset of N unknown components (sources images);

In the following, we assume that the errors e(r) are centered, white, Gaussian

with inverse covariance matrix . = diag [Jﬁ A 021
F

Now, if we note by @ = {z(r),r € R}, s - {s(r),r € R} and € = {e(r),r €
R}, then we can write
T =As+e (2)

and

p(x|s, X.) H./\/ (As(r), 271 (3)
We note that X, is an inverse covariance matrix.

1.1 Sources Modelization

We propose to model the prior marginal law of each source s;(r) by a mixture
of Gaussians model:

K

p(si(r) =Y p(zi(r) = k) N(mj,, 07,) (4)

k=1

which implies that p(s;(r)|z;(r) = k) = N (m;,, szk) where p(z;(r) = k) = a;
and >, o = 1. This model is appropriate for the image sources which we con-
sider, where the discrete valued hidden variables z;(r) € {1,--- , K;} represent
the classification labels of the source images pixels s;(r). To insure some spatial
regularity to these labels, they are modelized by a Potts-Markov random field:

p(z;(r)|z;(r"), v #r,r € R) o exp | 3 Z 8(zi(r) — z;(r"))
r'eV(r)
The parameters [3; controls the mean size of regions.



A Variational Bayesian Algorithm 139

1.2 Prior Models for the Mixing Matrix and the Hyperparameters

Mixing matrix model: We consider a Gaussian distribution law for mixture
matrix, so the prior distribution of A is given by:

W(A‘Amr()) = ./\[(A(),Fo). (5)

Inverse covariance noise model: We assign a Wishart distribution to the
covariance of noise X'
(veg—M—1

) 1 _
T( X e|Vey, Xey) X | 2| 2 exp—QTr{Z'exeol} (6)

Where v, is the number of degrees of freedom and ¥, is the prior covariance
matrix.

Means and variances of different classes: We assign Gaussian laws to the
means:

71-(rrn'z|/“l'0’:FO) :NO“"O?TO)’ (7)

and Wishart law to the inverse covariances

7T(2Z|l/07‘/0) :W(V(L‘/()). (8)

2 Variational Bayesian Algorithm

Our goal is to obtain a separable approximation ¢(s, z,0) = q(s, z) q(0) for the
joint posterior law p(s, z, 0|z, M) of (s,z) and 0 = (A, ¥, m., X,). The idea
is thus to minimize the Kullback Leibler divergence between the approximate
distribution law ¢(s, z)q(0) and the joint posterior law on the hidden variables
and the parameters p(s, z, 0|x):

KLq(s, z[x, M)q(0]x, M)||p(s, z,6]x))] =

/d@/dsz:q(s,z|w,M)q(9|w7M)l q(s, z|;c( /\;{)e(z)w M)

where M is the model. In case of sources separation M represents the number of
sources IN. Developing this expression at one side and looking to the expression
of the evidence p(x|M) at the other-side, it is easy to show that:

KLlq(s, z[z, M)q(0]z, M)||p(s, z,0|x))] = Inp(x| M) — F(q(s, 2),q(0)) (9)

where F is given by:

Fla(o:2)00) = [d000) | [ ds S ato, 2w 3 AT 4 P

(10)
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which is called free energy of the model. From these relations we see that min-
imizing KL is equivalent to maximizing F. The distribution of the variational
approximation ¢(s,z) and ¢(@) must belong to a family of distributions sim-
pler than that of the posterior distribution p(s, z,0|x). Obtaining expressions
for q(s,z) and ¢(@) is done iteratively. The family of distributions is selected
such that ¢ be in the same family than the true posterior distributions. [2] [6]
noted that important simplifications are made when updating the variational
equations if the choice of the distributions of the variables conditionally to their
parameters is done from conjugated exponential families model. In this case, the
posterior distribution has analytically stables and intuitive forms.

To optimize F(q(s, z),q(0)) we simply equate to zero the functional deriva-
tives with respect to each distribution g. In summary, the two main hypothesis
of the proposed method are: 7) posterior independence between (s, z) and 0, i7)
separable conjugate priors for all the hyperparameters.

This last hypothesis associated with ‘ZJ;: = 0 results to:

q(0;) o< exp(< 10gp($|9,/\/1) >q0,))7(0:), (11)
where < f(z) >,=E,{f(z }—fq

2.1 Approximate Posterior Laws for Mixing Matrix and
Hyperparameters

Approximation posterior law for mixing matrix: We note by A, the
vector wise representation of a matrix defined by :4, = [A( ., - ,A(m’,)}t. By
taking the functional derivative of Eq.([Id) and equating to zero d;&) =0, we
get the update:

q(A) x m(A) exp(< Inp(x|s, Xe) >q(x.)q(s)) (12)

With the approprlate conjugate prior m(A) that we chosen in (H), it is easy to
see that q(A|A, X ) = N(A, X 4), with:

E’A:Ri‘e@(z q(=( S|Z +ZE & Z z(r ))SZ(r)gi(r))‘FEA (13)

z(r) z(r)

and A, =3, Y B(@(r)® (Y alz(r)EL(r) + TpA, | (14)

z(r)

Approximate posterior law for noise inverse covariance: ¢(X.) is ob-
tained by equating to zero dq((ii) = 0 which results to:

(R+vey, —m—1

) 1
9 1H|26‘ - Q(ZeQe) (15)

In(g(Xe)) =
where Q. = X' + Q + RDa(Y., q(2) X 9,Z, 3, A). For the definition of D4
and for more details see [7], defining a posterior wishart distribution with a mean
matrix Xe = (R + v,)Q7 .
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Approximate posterior laws for m, and X.: By writing F as a func-
tion of m, and X, only we can differentiate with respect to these hyperpa-
rameters to yield the following update equations : g(m.|m., ’T:) = N(m.,T.),

¢(X.|7.,V.) = W(7.,V.). The details of deriving the update equations are
omitted due to the space constraints. They can be obtained in [§].

2.2 Approximate Posterior Laws for Hidden Variables

Approximate posterior distribution g(s|z): The expression of ¢(s|z) is

obtained by dq(s(iﬁz(r)) = 0 which results to :

1 — 1
Ing(s(r) 2(r) == s(r)' Qs(r) +(A' Bw(r))'s(r) (s(r) ) Te(s(r) ~m.)
with Q = A'X. A + F(X., 2’;1) which is quadratic in s(7). For the definition
of F(X., i‘;‘l) and for more details see [7]. In summary, we obtain

q(s(r)|z(r)) = N(3:(r), Zy.) with

E‘s|z - Q"'Ez (16)

5.(r) = Z,L[A' Da(r) + Zom,] (17)

Approximate posterior law for labels variables: Deriving an expression
for q(z|x, M) is the most difficult task in this paper due to its Markovian model.
Hopefully, using the four nearest neighbors neighborhood system often used in
image processing, it is easy to divide z into two subsets zy and zp in the
manner of a chess-board. From this, we only need to work with the distributions
Gz5(zp) and ¢., (zy). Thus, each white pixel (respectively black) has its four
black neighbors (respectively white). All the white pixels (respectively black),
knowing the black pixels (respectively white), are thus independent. We can thus
write:

qz(z|:c,./\/l) = qzn (ZN|:U7M)QZB (ZB|CE,M).

The expression of ¢,, is obtained by d‘;f =0:
B

Az (zgle,m) x exp{< Inp(zg|zy, ) >4(zn) +Hp(r)} (18)
where:
HB(T) =< 1np(s|z7 my, Zz) + 1np(:c|s, z, Au 26) >q(9),q(s|z),q(zN)

Expanding these expressions, we obtain:

CENDE | | exp{ﬂzzé 4(z = k) + Hp(r )}

rERpB
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with:
1., .o ~ 1 = =1 —t D~
Hp(r) = —23Z(r)2zsz(r) — 2Tr {Z‘ZES|Z} +m,X.s.(r)

l e - 1. (<

~ mtE,m, - Tr{Z‘ZTZ_l}
2 2
R v+R+1—i <

+ 22@( : )+ MIn2+n|X,|

T4 DAY =) Zy T4 A) -, {20}

z(r)

In the same manner, we obtain an expression for ¢, (z x|z, M)

G (zyla, M) o [T exp {ﬂZZﬂz(r) — 2(r"))g(z(r') = k) +HN<r>}
r! k

rERN
(19)
where:

HN(T) =< lnp(s\z,mz, 22) + lnp(w‘svzaAv 26) >q(9),q(s|z),q(zB)

Given all these expressions, the general iterative algorithm obtained and pro-
posed consists in updating successively

q(s|z, 2,0, M), using (IG [T
qu(zB‘szva)auSing (m)
qu(zN‘szva)vuSing (IIQD
Q(0i|sazaw70|i7M)7uSing (mmm)

Once these iterations converged, one can use these laws to provide estimation
for {s,z and 0}.

3 Free Energy Estimation

The estimate of F enables us to have a criterion of convergence. The maxi-
mization of the free energy is made by an iterative procedure (Figure: [ (a)),
following a total iteration which contains an update of all the parameters. We
use a threshold on A]_f to stop the iterations. Since calculations of the parameters

for all the ¢ functional are already made, it is easy to calculate F:

F = < lnp(m‘S,Z,A, EE) >q(s|z),q(A),q(2€) - < KL(q(S|Z)Hp(S‘Z)) >L1(z)
— KL(q(A)[[p(A)) — KL(q(Xe)|[p(¥e)) — KL(q(m.)|[p(m.))
- KL(Q<ZZ)HP<2,Z))

We also use the final values of F for model selection.
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4 Results

To evaluate the performance of our method we generate synthetic data with:

0.86 0.44 10 0 ~11 0.01 0.01
A= [0.50 0.89}’ He = {0 10}’ e = [ 1 —1] ) 2z = [0.01 0.01} and

[ = 1.5. We choose to compare with MCMC method that had been proposed
with the same modelization (Figure[I} (d), (e)) This enables us to see a gain in
computation time.

We also compared with the method (VBICA [§]) (Figure I} (¢), (E)). This
method uses a mixture of Gaussian with an independent model on the coefficients

Fig. 1. Results of separation for two images X1 et X2 (b) obtained by an instantaneous
mixture of S1 et S2 (a) every images is modelized by Markov model. In (¢), (d) and
(e) are represented sources obtained by three different methods VB ICA, MCMC and
the proposed approach with their associated segmentation.

Fig. 2. (a) evolution of F during the iterations (b) Final values of F for simulated
data composed with 4 mixed images obtained from 3 sources. F has been normalized
with respect to its minimum value for N = 4. The maximum is obtained for the right
sources number 3.
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of mixture contrary to the method we propose. This type of model is often
used in a variational estimation[I],[2] considering the a priori law are always
selected in separable families. Our method converges at the end of 120 iterations
(Figure[Z (a)) whereas method (VBICA) reached 500 iterations without conver-
gence for a degree of tolerance on F of le~*. F enables us to make the suitable
choice of the model. For a simulated example with three sources we compute the
converged values of F for different number of sources from 2 to 7. As it is shown
in the (figure 2 (b)), maximum of F is 3 which is the good result.

5 Conclusion

In this paper we propose a new approach for sources separation problem based on
Bayesian estimation and variational approximation. Variational approximation
is applied to the posterior law obtained with a more complex source model.
The proposed source model is marginally a mixture of Gaussians but also we
assigned a Potts model to its hidden variable which enforces the homogeneity
and compactness of the pixel positions in the same class. Compared to VBICA,
our source model is reacher but also due to the Potts model, it is non-separable.
This makes the expressions of the posterior law more complex. However, the main
benefice of the complex modelization of the sources is that the hidden variables
now can be used as a non-supervised segmentation result. The proposed method
then does simultaneously separation and segmentation.
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Abstract. Cyclostationary signals can be met in various domains, such as
telecomunications and vibration analysis. Cyclostationarity allows to model
repetitive signals and hidden periodicities such as those induced by modulation
for communications and by rotating machines for vibrations. In some cases, the
fundamental frequency of these repetitive phenomena can be known. The
agorithm that we propose aims at extracting one cyclostationary source, whose
cyclic frequency is a priori known, from a set of observations. We propose a
new criterion based on second order statistics of the measures which is easy to
estimate and |eads to extraction with very good accuracy.

Keywords: Source extraction, cyclostationarity, second order statistics, vibra-
tion anaysis.

1 Introduction

The method we propose here has been developed within the frame of vibration
analysis applied to rotating machinery monitoring. Rotating machines produce
vibrations whose characteristics depend on the machine state. These vibrations can
thus be used to monitor systems such as engines, roller bearings, toothed gearings [1].
One of the problems that arises for complex systems is that each vibration sensor
receives a mixture of the vibrations produced by the different parts of the system.
These vibrations are usually wideband and spread over much of the spectrum.

Though these different contributions can be separated neither in the time domain
nor in the frequency domain, some hope still lays in their cyclostationary features.
Indeed, due to their symmetric geometry and repetitive movements, each part of the
system produces random but repetitive vibrations which are cyclostationary at
specific frequencies [2], [3], [4]. In order to avoid early wearing, the different parts
are usually designed with different characteristics, ensuring that the system will
seldom come back to its initial position. This precaution also ensures that these all
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produce vibrations cyclostationary at different cyclic frequencies. Furthermore, the
rotation speed is ususally known or easy to measure, so that these frequencies can be
computed.

We are interested here in the case when one peculiar part of the system, whose cyclic
frequency isa priori known, isto be monitored, and no other assumption about the other
parts is made except that, if cyclostationary, their cyclic frequencies are different from
the one we are interested in. The methods previously developped [5], [6], which
suppose that all the cyclic frequencies of the sources are known, are not fitted to this
case. We thus developped a new source extraction algorithm based on the only
cyclostationary properties of the source to be extracted. In order to derive an algorithm
as simple and robust as possible, we chose to base the extraction criterion on second
order statistics. We first present the principle of the method, with thorough calculations
in the two sources two mixtures case and application to three different cases.

2 Principle of the Method

2.1 Criterion

The method will be described and proofs will be given in the two sources and two
mixtures case. We assume that the two mixtures are additive and we call the source

vector S=[s ], the mixture vector X =[x ] and the mixing matrix A=a, | (all real
valued), where (i, j) € {1,2} and represent respectively lines and columns. They are
related by:

X =AS o))

The source S, is supposed to be cyclostationary at a known frequency «,. The
source s, can be either stationary or cyclostationary at any cyclic frequency except to
o, . The sources are supposed to be uncorrelated and their respective powers are
denoted o7 and o . Estimating both sources would mean estimating a B matrix

such that Z = BX is an estimate of the source vector S. Our goal is only to retrieve
the first source on the first estimate vector component, i.e. to find coefficients b, and

b,, such that
z, = by X +by, X, @

is an edtimate of s,. The method that we propose consists in maximizing
cyclostationarity at frequency ¢, on z, and minimizing the power of z,, in order to

ensure that only the cyclostationary source is kept on that estimate.
The criterion that we chose to minimize is given by:

R
C(bll’ b12 ) = ( )I ©)
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where R, (0) and RZ ° (0) are coefficients of the Fourier series decomposition of the

autocorrelation function of z, respectively for cyclic frequencies 0 and ¢, and zero
timelag.

2.2 Theoretical Validation of the Criterion

In the 2*2 case, the estimate z, can be written as a function of the mixing matrix A,

the demixing coefficients b, and b,,, and the sources.

Zi = (bllall + b12 aZl) Sl + (blla12 + blZ a22 ) SZ (4)

There exist an infinity of coefficients pairs (by,,b,,) that can lead to the extraction
of s, on z,, which areal the pairs satisfying
& a5

=—— 5
b, &, ©)

Let us show that minimizing the chosen criterion leads to these solutions. From eqg.
(3) and (4), we derive:

C iy ) 0-12 (b11a12 +t1l2 22) 0-22
b b2)= 2l 0] By + o R 0]

It is easy to see that this criterion reaches an absolute minimum for any coefficients
pair (b, ,b,) that satisfies equation (5). Therefore, for a fixed value of one of the

coefficients, the criterion exhibits an absolute minimum versus the other one, and this
minimum corresponds to one of the solutions.

(6)

2.3 Criterion Evaluation

The criterion is estimated from the statistics of the measures. The different statistics to
be estimated are:

Aijh ]-Mmm ©)
with
To=— (8)

where the cyclic frequency ore {0,e7,} and i and j can take the values {1,2}.

Assuming that the cyclostationary signal S, is cycloergodic, the ensemble averaging
E...] can be replaced by temporal synchronized averaging, i.e. averaging over cyclic
periods of the signal, which leads to the following estimator:
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NTq

; L rx (t)x (t)e 27t ©

(¢
R0
The criterion can then be computed for any value of (b;,b,,) by :

bR} (0)+ bR}, (0)+bubiaRy,, (0)
bRy (0)+ bR (0) + biiby, R, (0)

The coefficient b, is arbitrarily set to 1 and the criterion is computed for different
values of b, (with a step 0.01) until it reaches a minimum. If b, increases until it

reaches a given threshold, the strategy is reversed: b, is set to one and b, made to
vary.

é(bu! blZ) = (10)

3 Simulations

In the following sections, the method is applied to three different cases, each with two
sources and two mixtures. The first case includes one artificial cyclostationary source
and one stationary source. The second one includes two cyclostationary sources at
different cyclic frequencies. In the last case, one of the sources is a real, vibrations
signal and the other oneis an artificial stationary source.

In each case, we apply the algorithm to a set of different mixing matrices randomly
generated. Their four coefficients a; ae random real numbers equally distributed

over the interval [-1,1]. In order to evaluate the performance of the method, we

compute the mean square error between the cyclostationary source to be extracted and
its estimate. Both are normalised before computing the error, in order to take into
account the indeterminacy over the estimate amplitude. This error is computed for
each of the random matrices and given in dB relatively to the power of the source.
The parameters were estimated over 100 realisations for all the simulations.

3.1 OneCyclostationary Source and One Stationary Sour ce

The first simulation was performed over a simple cyclostationary signal
s,(t)= a(t) cos(2f t) (12)
with a(t) a random white noise. This signal is second order cyclostationary at

frequency o, = 2f,. The second source is chosen to be a random white noise. Both

sources are uncorrelated and have power equal to one.

Note that the two sources are both wideband and cannot be separated directly in the
frequency domain, so that classical second order source separation methods such as
SOBI fail to separate these two peculiar sources.

The algorithm was applied to these sources with 100 different mixing matrices
generated as previoudy described. Fig. 1 shows the estimation error versus the
determinant of the mixing matrix. It shows that the source was estimated with a —20
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dB accuracy for 98% of the matrices, and with a =30 dB accuracy for 95% of the
matrices. For most of the mixing matrices, the source was estimated with very good
accuracy, close to —40 dB. The only matrices leading to a poor estimation are ill
conditioned ones, whose determinant is close to zero.

Estimate mean square error in dB
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Fig. 1. Mean square error (in dB) between source S; and its estimate represented versus the
determinant of the mixing matrix for one cyclostationary source and one stationary source

3.2 Two Cyclostationary Sour ces

Source S; is the same cyclostationary source as in section 3.1, while source s, isa
cyclostationary source built the same way with cyclic frequency o, # ¢r,. Both
sources have power equal to one.

Estimate mean square error in dB
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Fig. 2. Mean square error (in dB) between source S, and its estimate represented versus the
determinant of the mixing matrix for two cyclostationary sources
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Fig. 2 shows the results obtained over 100 randomly generated mixing matrices.
This figure shows that the results are really good, since source s, was estimated with

—20 dB accuracy for 99% of the mixing matrices, and —30 dB accuracy for 97% of the
mixing matrices. The estimation accuracy is between —30 dB and —60 dB for well
conditioned matrices.

3.3 Real Vibration Source and Stationary Source

For this last simulation, we mixed the same stationary source S, as in section 3.1

with a real damaged roller bearing vibration that was the source to be estimated. The
vibration was recorded at 100kHz sampling frequency and the vibration spectrum
spreads over the whole recorded frequency range.

Damaged roller bearing vibrations were shown to be wide sense cyclostationary
and one of their cyclic frequencies, which corresponds to the frequency of the shocks
over the damaged part, can be computed from the rotation speed and the location of

the damage. For the vibration that we used, this frequency is ¢, =195Hz. We

computed the criterion at this very frequency in order to achieve extraction. Both
sources were normalised so as to have the same power and separation was performed
with 100 randomly generated mixing matrices.

As in the artificial signal cases, the source is estimated with very good accuracy.
Though the roller bearing vibration is a complex signal, that exhibits severa
cyclostationary frequencies, the knowledge of one of them is enough to extract the
vibration from a set of additive mixtures.

Table 1. sumarises the results obtained in the three studied cases and shows that the
proposed a gorithm achieves extraction with very good accuracy whatever the nature
of the second source can be, provided that it is not cyclostationary at the same
frequency as the one to be extracted.

Table 1. Percentage of good estimates for a given accuracy depending on the nature of the
sources

Cyclostationary Both Vibration/

| Stationary cyclostationary Stationary
-20dB 98 % 99 % 98 %
-30dB 95 % 97 % 92 %

4 Conclusion

We presented here a new source extraction method for cyclostationary source. The
method is based on second order statistics of the sources and only two hypotheses are
made about the sources: they are uncorrelated at order two and the source to be
extracted exhibits at least one cyclic frequency that it does not share with the other
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sources and that is a priori known. These hypotheses are realistic when coping with
vibration signals. The method has been presented here in the two sources and two
additive mixtures cases. The criterion to be minimised in order to achieve the
extraction was shown to exhibit a unique minimum leading to perfect extraction. The
method was applied to different mixtures of artificial or real sources and shown to
achieve proper estimation for most of the mixing matrices. It can be easily extended
to the N*N case. The set of solutions is then given by a set of (N-1) equations with N
unknown variables. Thiswill be presented in further publications.

References

1. Tandon, N., Choudhury, A.: A review of vibration and acoustic measurement methods for
the detection of defects in rolling element bearings. Tribology International 32, 469-480
(1999)

2. Capdessus, C., Sidahmed, M., Lacoume, J.L.: Cyclostationary processes: application in
gear faults early diagnosis. Mechanical Systems and Signal Processing 14(3), 371-385
(2000)

3. McCormick, C., Nandi, A.K: Cyclostationarity in rotating machine vibrations. Mechanical
Systems and Signal Processing 12(2), 225-242 (1998)

4. Antoni, J., Bonnardot, F., Raad, A., El Badaoui, M.: Cyclostationary modelling of rotating
machine vibration signals. Mechanica Systems and Signa Processing 18, 1285-1314
(2004)

5. Abed-Meraim, K., Xiang, Y., Manton, JH., Hua, Y.: Blind Source separation Using
Second-Order Cyclostationary Statistics. IEEE Trans on Signal Processing, 49(4) (2001)

6. Jafari, M.G., Chambers, JA.: Normalised natural gradient algorithm for the separation of
cyclostationary sources. In: IEEE International Conference on Acoustics, Speech, and
Signal Processing, Ap, vol. 5, pp. 301-304 (2003)



A Robust Complex FastICA Algorithm Using
the Huber M-Estimator Cost Function

Jih-Cheng Chao! and Scott C. Douglas?

! Semiconductor Group, Texas Instruments, Dallas, Texas 75243, USA
2 Department of Electrical Engineering, Southern Methodist University,
Dallas, Texas 75275, USA

Abstract. In this paper, we propose to use the Huber M-estimator cost
function as a contrast function within the complex FastICA algorithm of
Bingham and Hyvarinen for the blind separation of mixtures of indepen-
dent, non-Gaussian, and proper complex-valued signals. Sufficient and
necessary conditions for the local stability of the complex-circular Fas-
tICA algorithm for an arbitrary cost are provided. A local stability anal-
ysis shows that the algorithm based on the Huber M-estimator cost has
behavior that is largely independent of the cost function’s threshold pa-
rameter for mixtures of non-Gaussian signals. Simulations demonstrate
the ability of the proposed algorithm to separate mixtures of various
complex-valued sources with performance that meets or exceeds that ob-
tained by the FastICA algorithm using kurtosis-based and other contrast
functions.

1 Introduction

In complex-valued blind source separation (BSS), one possesses a set of measured
signal vectors

x(k) = As(k) + v(k), (1)

where A is an arbitrary complex-valued (m x m) mixing matrix, such that
A =Ar+jAq s(k) = [s1(k) -+ sm(k)]T is a complex-valued signal of sources,
and s;(k) = sg,i(k) + jsr,i(k), where j = /=1, and v(k) contains circular
Gaussian uncorrelated noise. In most treatments of the complex-valued BSS
task, the {s;(k)} are assumed to be statistically-independent, and A is full rank.
The goal is to obtain a separating matrix B such that

y(k) = Bx(k) 2)

contains estimates of the source signals. In independent component analysis
(ICA), the linear model in () may not hold, yet the goal is to produce signal
features in y(k) that are as independent as possible.

One of the most-popular procedures for complex-valued BSS is the complex
circular FastICA algorithm in [I]. This algorithm first prewhitens the mixtures
x(k) to obtain v(k) = Px(k) such that E{v(k)vf(k)} = I, after which the
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rows of a unitary separation matrix W are adapted sequentially such that
y(k) = Wv(k) contains the separated sources. For mixtures of sources that
are proper, such that E{s?(k)} = 0 for all 4, this algorithm appears to separate
such complex mixtures given enough snapshots N for an appropriate choice of
algorithm nonlinearity. Several algorithm nonlinearities are suggested as possible
candidates, although little work has been performed to determine the suitability
of these choices for general complex-valued source signals. More recently, several
researchers have explored the structure of the complex-valued BSS task for mix-
tures of non-circular sources, such that E{s?(k)} # 0 [2]-[4]. In what follows, we
limit our discussion to the complex-circular source distribution case, as several
practical applications involve mixtures of complex-circular sources.

In this paper, we extend our recent work on employing the Huber M-estimator
cost function from robust statistics as a FastICA algorithm contrast [5] to the
complex-valued BSS task for mixtures of proper sources (E{s?(k)} = 0). We pro-
vide the complete form of the local stability condition for the complex-circular
FastICA algorithm omitted in [I]. We then propose a single-parameter nonlin-
earity for the algorithm and show through both theory and simulations that the
algorithm’s performance is largely independent of the cost function’s threshold
parameter for many source distributions, making it a robust choice for separat-
ing complex-valued mixtures with unknown circularly-symmetric source p.d.f.’s.
Simulations comparing various contrast choices for the complex circular FastICA
algorithm show that ours based on the Huber M-estimator cost often works bet-
ter than others based on kurtosis maximization or heuristic choice.

2 Complex Circular FastICA Algorithm

We first give the general form of the single-unit FastICA algorithm for extract-
ing one non-Gaussian-distributed proper source from an m-dimensional complex
linear mixture [I] and study its local stability properties. The algorithm assumes
that the source mixtures have been prewhitened by a linear transformation P
where v(k) = Px(k) contains uncorrelated entries, such that the sample covari-

ance of v(k) is the identity matrix. For the vector w; = [w1; -+ wyy]?, the
complex circular FastICA update is
yi(k) = w/v(k) (3)
Wi = E{y:(k)g(ly: () )v*(k)} = E{g(ly:(F)[*) + [y:(k)[*g' (lye (k) [*)}we (4)
Wi

()

Wii1 = PO
\/WfIWt

where y;(k) is the estimated source at time k and algorithm iteration ¢, g(u)
is a real-valued nonlinearity, ¢’'(u) = dg(u)/du, and the expectations in (@) are
computed using N-sample averages. This algorithm is formulated in [I] as the
solution to the following optimization problem:

maximize |E{G(ly:(k)*)} — E{G(|n[*)}|” (6)
such that E{|y:(k)]*} =1, (7)
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where n has a circularly-symmetric unit-variance Gaussian distribution and G(u)
is a real-valued even-symmetric but otherwise “arbitrary non-linear contrast
function” [1] producing g(u) = dG(u)/du. The criterion in (@) is described as the
square of a simple estimate of the negentropy of y; (k). Several cost functions are
suggested as possible choices for G(u), including G(u) = v/a; + u for a; =~ 0.1 ,
G(u) = log (az + u) for ag ~ 0.1, and the kurtosis-based G(u) = 0.5u?, although
no verification of ([@) for the first two choices of G(u) and any well-known non-
Gaussian distributions has been given.

In [I], the authors give the following necessary condition for the above al-
gorithm to be locally-stable at a separating solution, where s; possesses the
distribution of the source extracted in y;(k):

(B{g(|si*) + |sil*g' (|sil*) — Isil*g(lsi]*)}) # 0. ®)

This condition is not sufficient, however, for local stability of the algorithm,
as the curvature of the cost function has not been considered in [I]. Although
omitted for brevity, we can show that the necessary and sufficient local stability
conditions for the algorithm about a separating solution are

[E{g(|si*) + Isil*g (I5i]*) — Isi*g(Isi]*)}]
<[E{G(Isi|*)} — E{G(In|*)}] < 0. (9)

This result can be compared to that for the real-valued FastICA algorithm in
[6], which shows a somewhat-different relationship. Thus, it is necessary and
sufficient for the two real-valued quantities on the left-hand-side of the inequality
in (@) to be non-zero and have different signs for the complex circular FastICA
algorithm to be locally-stable.

3 A Huber M-Estimator Cost Function for the Complex
Circular FastICA Algorithm

In [5], a novel single-parameter cost function based on the Huber M-estimator
cost in robust statistics [7] was proposed for the real-valued FastICA algorithm.
Unlike most other cost functions, the one chosen in [5] has certain nice practical
and analytical properties. In particular, it is possible to show that there always
exists a nonlinearity parameter for the cost function such that two sufficient
conditions for local stability of the algorithm are met. We now extend this work
to design a novel cost function for the complex-circular FastICA algorithm.

As the algorithm in [I] implicitly assumes mixtures of proper source signals,
we propose to choose G(|y:(k)|?) such that the amplitude of y;(k) is maximized
according to the Huber M-estimator cost. Thus, we have

u

Glu)={ 2 02 (10)



A Robust Complex FastICA Algorithm 155

where 6 > 0 is a threshold parameter designed to trade off the parameter es-
timation quality with the estimate’s robustness to outliers and lack of prior
distributional knowledge. The corresponding algorithm nonlinearities are

1

G (u u < 62
O, (11)
w2y > 02
9 >
2
) B dg(u)_ 0 u <0
g'u) = du —Zu_3/2 u > 62 (12)

After some simplification, we can implement the circular complex FastICA up-
date using the above nonlinearities as

wi = 2E{yi(k)ho(ly: (F))v* ()} — E{to(lyc(F)]) + ho(Jy: (k) }we  (13)

1 u<$é

1 u<é

h@(u): { 0 u>97 t@(u): {0 u > 0. (14)
U = =z

The functions hg(u) and tg(u) depend on the threshold parameter 6, and the
choice of this nonlinearity will be considered in the next section. Table 1 lists a
short MATLAB script for implementing the multiple-unit version of this algo-
rithm, in which the QR decomposition is used for signal deflation.

Table 1. Complex circular FastICA algorithm with Huber M-estimator cost

A
[N,m]=size(x); R = (1/N)*(x’*x); v = x/chol(0.5%(R+R’)); W = eye(m);
for i=1:iter

y = vxW;

absy = abs(y);

t = (absy<theta);

h = t + thetax(1-t)./absy;

W = 2%(v’*(y.*h)) - Wkdiag(sum(t+h));
[W,T] = qr(W);
end

4 On the Local Stability of the Huber M-Estimator Cost
for FastICA

Given the new stability condition in (@), what can be said about the circularly-
symmetric Huber M-estimator cost function when it is used in the complex
FastICA algorithm? The following two theorems, proven in the Appendix, illus-
trate two properties about this cost. These theorems make statements about the
p.d.f. of u = |s;]?, the squared amplitude of the extracted source. The theorems
are non-trivial extensions of the theorems presented in [5].
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Theorem 1: Let g(u) and ¢g'(u) have the forms in (I1l) and ([I3), respectively.
Then, so long as the random wvariable u is not exponentially-distributed, there
always exists a value of € such that

E{g(u)} + E{ug'(u)} — E{ug(u)} # 0. (15)

Theorem 2: Let G(u) have the form in ([I0). Then, so long as the random
variable u is not exponentially-distributed, there always exists a value of 6 such
that

B{G(u)} — B{G(In|*)} # 0. (16)
Note that if s; is unit-variance circular Gaussian, the p.d.f. of u = [s;]? is ex-
ponential (p(u) = e~ for u > 0). Taken together, these two theorems do not
ensure (@) for all non-Gaussian proper source distributions. They suggest, how-
ever, that the design range for 6 could be significant for many distributions.
We substantiate this claim through the analysis below and by simulations in
the next section. These results are significant because, to our knowledge, few if
any statements about the stability of a specific non-kurtosis-based cost function
within the complex FastICA algorithm have been given in the scientific litera-
ture. Moreover, it is unlikely that such results could be easily found given the
complexity of the integrals for other g(y) choices (e.g. g(y) = 0.5(ay +y)~ /2 for
a] =~ 1).
We have evaluated the range of 0 values for which (@) is satisfied for five
well-known zero-mean, unit-power, non-Gaussian distributions: 4- QAM—{:I:l} +
j{:l:l} 16-QAM- {i\/m \/10}+j{i\/w + \/10} 64-QAM-{£ |, + 7, +

\/42 \/42} +]{:¥:\/42 + \/::’12 + \/42 + \/42}, the uniform amplitude cir-

cular distribution such that |s;| is equally probable for 0 < [s;| < v/2 and
is zero otherwise, and the exponential amplitude distribution in which |s;| is
exponentially-distribution with E{|s;|*} = 1. For all of these five distributions,
the Huber M-estimator cost produces an algorithm that is locally-stable for 6
in the range [0, |Smax|), where S;,4, is the maximum possible value of s;(k) ad-
mitted by the source p.d.f. Thus, any positive value of 8 that places part of the
nonlinear portion of g(u) within the range of |s;(k)|? often results in a locally-
convergent algorithm. Again, this evaluation does not guarantee that the chosen
cost function will always work, but it suggests that one does not need to design
specific values of 6 to achieve separation.

In practice, one may not know what 6 value to choose to obtain separation
of a particular source mixture. As was suggested in [5] in the real-valued case,
we recommend that one randomize the value of 6 over a range of positive values
during coefficient adaptation. The main observed effect using such randomization
is a slight slowdown in convergence speed.

5 Simulations

We now explore the performance of the FastICA algorithm with various cost
function via simulations. In these simulations, m = 15-source mixtures were
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Fig. 1. E{y} vs. number of snapshots N for the various algorithms in the simulation
example

generated consisting of three 4-QAM, three 16-QAM, three 64-QAM, three uni-
form and three exponential amplitude circular-distributed independent sources,
and a random mixing matrix. The multi-unit FastICA procedure was applied to
this data for numbers of snapshots ranging from N = 100 to N = 5000 and for
different 6 values. The performance factor computed is the separation cost

1 |ci|? |ci]?
T om ZZ maxZ i |2+ maxZ |cii? ! a7)
i=11=1 1< <m0 1<i<m

with C = WPA as obtained at convergence of the algorithm. One hundred
iterations were averaged to obtain each data point shown.

Fig. 1 compares the performance of FastICA with the Huber cost function
and 6 = 0.9 and with the Huber cost function and a uniformly-randomized 6 in
the range 0.5 < # < 1 at each iteration with three other versions of FastICA
—using G(y) = Vi +y or g(y) = , , ,, for a1 = 0.1, G(y) = log (a2 +y)
or g(y) = a21+y for as = 0.1, and the kurtosis-based choice G(y) = 0.5y or
g(y) = y. As can be seen, the Huber cost function-based versions outperform the
algorithms based on previously-proposed contrast functions. More significantly,
our algorithm version with a randomized threshold parameter 6 provides good
separation performance across all sample sizes; performance deviations were less
than +1dB from the algorithm with a fixed 8 = 0.9 value.

Fig. 2 illustrates the performance sensitivity of the FastICA algorithm with
Huber M-estimator cost to the value of @ for these signal mixtures. As can be
seen, the algorithm performs well for values of 6 satisfying 0.1 < 6 < 1, and its
performance degrades gracefully for higher 6 values.
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Fig.2. E{y} vs. 6 for the FastICA algorithm with Huber M-estimator cost in the
simulation example

6 Conclusions

In many blind source separation and independent component analysis algo-
rithms, the cost function used to measure signal independence is a design param-
eter. In this paper, we have considered Huber’s single-parameter M-estimator
cost function for use within the complex-valued FastICA algorithm for proper
source mixtures. The algorithm obtained is computationally-simple, and the pro-
cedure works well for a wide range of threshold parameters 6. The reasons for
the algorithm’s robust behavior for a wide range of the threshold parameter is
indicated through a stability analysis.
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7 Appendix

Proof of Theorem 1: Assume without loss of generality that « is unit variance.
Consider the terms on the left-hand-side of (7)) for the nonlinearities in ([I]) and
(@), and define f1(0) = 2(E{g(u)} + E{ug’(u)} — E{ug(u)}). Then, we obtain

f1(0) = /900 w2 = gu —u'? + Z)p(u)du (18)

2

For Eq. ([IA) not to hold, f1(8) = 0 for all possible values of 6. Suppose that the
slightly-more-general condition

f1(0) = 10 + ¢z (19)

is true, where ¢ and c¢s are unknown constants. Such a condition justified when
p(u) is smooth, as f1(6) an then be modeled by a polynomial approximation -
see the comment below. Then,

8];é9) =p(6*)0 + /9:0(;11_1/2 —u?)p(u)du = ¢ (20)
2
TR %) 1007 = 0 (1)

which yields the relationship

p'(u) = —p(u). (22)

The only distribution p(u) satisfying ([22) is the exponential distribution, i.e.
p(u) = e * for u > 0. Thus, the theorem follows. Note that if s; is circular
Gaussian-distributed, |s;|* has an exponential distribution, although other dis-
tributions for s; could lead to an exponential distribution for |s;|?.

Proof of Theorem 2: Substituting (I0]) into the left-hand-side of ([IGl), defining
f2(0) = 2E{G(u) — G(|n|?)}, and simplifying yields the expression

R(0) = = [ = 62 ) = pu (23)

where p,,(u) = e~ for u > 0. For Eq. (If) not to hold, f2(#) = 0 for all possible
values of §. Suppose that the slightly-more-general condition

f2(0) = 10+ c2 (24)

is true, where ¢; and co are unknown constants. Then,

8]‘;29) — 2/0:O(u1/2 —0)p(u) —pu(uw)]du = ¢ (25)

’ g;g@) = _2/9:0[19(“) — pn(u)]du = 0. (26)
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For ([24)) to hold for all # > 0, we must have

p(u) = pn(u), (27)

which results in ¢; = 0, ¢ = 0, and finally f5(6) = 0. Thus, the theorem follows.

Comment: In both of the above proofs, f;(f) is a continuous function of ¢
given a continuous smooth amplitude-squared distribution p(u). Thus, we can
express f;(0) as a polynomial function of 6 with coefficients ¢;. Now, for the
condition f;(#) = 0, we must have all ¢; = 0. Clearly, it is impossible that ¢g = 0
and all ¢; not equal to 0 for ¢ > 0 and the condition f;(f) = 0, because any
change in 6 would make f;(0) not equal to zero. Hence, f;(6) defines only one
function and therefore only one distribution p(u) has f;(6) = 0. In both of the
above proofs, the exponential distribution yields f;(8) = 0.
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Abstract. This paper concerns our general recurrent neural network
structures for nonlinear blind source separation, especially suited to poly-
nomial mixtures. We here focus on linear-quadratic mixtures. We intro-
duce an extended structure, with additional free parameters as compared
to the structure that we previously proposed. We derive the equilibrium
points of our new structure, thus showing that it has no spurious fixed
points. We analyze its stability in detail and propose a practical pro-
cedure for selecting its free parameters, so as to guarantee the stability
of a separating point. We thus solve the stability issue of our previous
structure. Numerical results illustrate the effectiveness of this approach.

1 Introduction

Blind source separation (BSS) methods aim at restoring a set of N unknown
source signals s;(n) from a set of P observed signals z;(n) which are mixtures
of these source signals [I], with P = N in the standard configuration considered
hereafter. In the simplest case, the observed signals are Linear Instantaneous
(LI) mixtures of the source signals. Denoting A = [a;;] the matrix composed

of these unknown mixture coefficients a;; and s(n) = [s1(n)...sy(n)]T and
x(n) = [x1(n)...2p(n)]T the source and observation vectors respectively, the
mixing model reads in matrix form

z(n) = As(n). (1)

One of the very first solutions to this LI-BSS problem reported in the literature is
the Hérault-Jutten artificial neural network [2]. This network has a recurrent (or
feedback) structure, i.e. each of its outputs y;(n) consists of an LI combination of
input z;(n) and of all other outputs y;(n) with j # ¢, using adequate combination
coefficients estimated from the outputs by means of an unsupervised algorithm.
Such a recurrent structure is not mandatory however, i.e. the same class of LI
mappings from the signals z;(n) to the signals y;(n) may also be achieved by a
feedforward structure, where each output y;(n) is derived only as an LI combi-
nation of all inputs z;(n). The latter structure is simpler than the recurrent one
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and is therefore the one mainly used today for LI mixtures. The same evolution
occurred for convolutive mixtures, i.e. an approach based on a recurrent struc-
ture was first proposed by Nguyen and Jutten [3] and extended by Charkani and
Deville [4],[5] but other approaches, based on feedforward structures, were then
preferred, since they also provide the considered linear (convolutive) mappings.

The situation is quite different for nonlinear mixtures, which are now receiving
increasing attention. We especially showed in [0]-[8] that recurrent structures are
much more attractive than feedforward ones for polynomial mixtures. Building
upon our above-mentioned experience on recurrent structures, we proposed in
[6]-[8] a general approach for polynomial mixtures and we investigated it in more
detail in the case of linear-quadratic mixtures. The higher-order recurrent neural
network that we proposed for such mixtures was shown to be promising, but its
applicability is limited by stability constraints.

This paper also focuses on linear-quadratic mixtures (references of previously
published BSS approaches for such mixtures are provided in [7]-[8]). Our main
contributions then consist in : (i) introducing a more general higher-order recur-
rent neural network structure than in [G]-[8], (ii) providing a detailed theoretical
analysis of its fixed points and their stability, depending on its parameter values,
and (iil) deriving a practical method for selecting these values so as to guarantee
stability at a separating point. As a spin-off, we also obtain stability conditions
for our previous network. This confirms that it cannot operate with any signals,
while its extended version can.

2 Mixing and Separating Models

We here consider an instantaneous mixing model, where two observed signals
x1(n) and x2(n) consist of linear combinations of two source signals s1(n) and
s2(n), added to quadratic terms, i.e. terms proportional to s1(n)ss(n). Taking
into account BSS scale indeterminacies, the rescaled mixing model reads [7]-[8]

x1(n) = s1(n) — L12sa(n) — Q151(n)s2(n) (2)
x2(n) = —La1s1(n) + s2(n) — Qas1(n)s2(n). (3)

For each time n, a recurrence is performed to compute the values of the outputs
y; of the feedback network that we now introduce in this paper. We denote as m
the index associated to this recurrence and y;(m) the successive values of each
output in this recurrence at time nfJ. This recurrence reads

yi(m + 1) = z1(n) + linyi(m) + lizyz(m) + qry1(m)y2(m) (4)
ya(m + 1) = zo(n) + laryr (m) + lagya(m) + gay1(m)y2(m) (5)
where [;; and g; are the adaptive weights of the proposed neural network.

! These successive output values therefore also depend on n. This index n is omitted
in the notations y;(m) however, in order to improve readability and to focus on the
recurrence on output values for given input values z1(n) and x2(n).
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As compared to our previous papers [6]-[8], we here consider the same mix-
ing model @)-([3]), but we propose an extended version [{)-(El) of our previous
recurrent neural network, where we introduce the linear feedback terms /1, and
la2 from each output y;(m) to the input with the same index. In other words,
our previous network is a specific case of the new one, obtained by forcing

111 =0 and l22 =0. (6)

By analyzing the stability of our previous and extended networks, we will show
below that the constraint (B) does not make it possible to handle all signal values
and we will introduce adequate values of /17 and l95 for solving this problem.

3 Fixed and Separating Points

The stability of the recurrence [@))- (&) is analyzed for fixed points (i.e. equilibrium
points) of this recurrence. The first step of this investigation therefore consists
in determining these fixed points, i.e. the points (y¥, y) which are such that

yim+1)=y1(m) =y and  ya(m+1) =ya(m) = yy. (7)

As may be seen by combining ()-(E) and (), the fixed points of the recurrence
@)-@) depend: (i) on the inputs x;(n), and therefore on the source values and
mixing parameters through the mixing equations ([@)-@l), and (ii) also on the
network weights /;; and ¢;. Our eventual goal will be to adapt the network weights
l;; and g; so as to achieve BSS, i.e. so as to make the network outputs y;(m) equal
to the source signals, up to BSS indeterminacies. Therefore, before considering
that adaptation, we here determine all network weights which are such that one
of the associated fixed points corresponds to BSS without permutation, i.e. to

yi =kisi(n)  and 5 = kasa(n) (8)

where k1 and k5 are two arbitrary scale factors. In other words, for given mixture
parameters in ([2)-(3]), we look for all network weights I;; and ¢; and scale factors
k; such that Eq. @)-@) and (@)-(]) are met whatever the source values s;(n).
Our calculations, which are skipped here due to space limitations, yield

1
li = Tk +1 9)
L
lio = ,;22 = Lol (10)
Q
q1 = klklz = Qll/nl/zz (11)
L
o1 = ]:11 = Lal}, (12)
1
by==) +1 (13)
q2 = Q: :Q2l/11l§2 (14)

k1ks
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with

llll =1- l11 and ll22 =1- l22. (15)
The first expressions in ([I0)-([I2)) and () show that we thus obtain an infinite
number of solutions, due to the two arbitrary scale factors k; with which the
sources appear in the network outputs. There is a one-to-one correspondence
between these factors and the two network weights 117 and lse as shown by (@)
and ([3). One may therefore consider the weights l;; and loo as the primary
parameters, select them (freely at this stage), and then assign accordingly the
other network weights, using the second expressions in ([[0)-([I2) and ([I4).

For these weight values, we know by construction that the network has at
least one fixed point, i.e. the point defined by (&) with (@) and (I3). We must
then determine all fixed points for these weight values, because the network
may converge to any of these points (depending on their stability) and we should
especially determine whether each of them yields separated sources. This topic is

addressed by looking for all solutions of Eq. @)-), (@), (I0)-(T2)) and (I)-(I5).

Long calculations then yield two solutions, more easily expressed by defining

a=Q2+ Q1L (16)
B =—(Qz2L12+ Q1) (17)
¥=1—Liz2Lx (18)
S (19)
er1 = ey, sgn(liylyy) sgn(—asi(n) + Bs2(n) + 7). (20)

These solutions then read

{[asi(n) + Bs2(n) +9] = eri[-asi(n) + Bs2(n) +9]} (21)

1
E _
o 2iso

vy = ﬁl {=aliyyl’ + [asi(n) + Bsa(n)]}. (22)

These two solutions correspond to the two possible values of ¢,, in (I9) and are
more easily expressed with respect to epy. The first solution, corresponding to
er1 = 1, reads . .
W=, a) ad yF =, s (23)
11 22
This solution yields BSS without permutation (and with scale factors). It is
nothing but the above solution (), as shown by (@), (I3) and ([H). The second

solution, corresponding to er; = —1, reads
1 |p vy 1 |« ¥
E E
= + d = — . 24

This additional solution yields BSS with a permutation (and with scale factors
and additive constants).

We thus only obtain the classical BSS solutions, with indeterminacies associ-
ated to nonlinear mixtures. In other words, for these weight values, this network
does not yield spurious fixed points, i.e. fixed points such that the outputs are
still mixtures of the sources. We now analyze the stability of these fixed points.
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4 Stability Condition

The considered network is a two-dimensional nonlinear dynamic system, since
the evolution of its state vector [y1(m), y2(m)]T is defined by the nonlinear equa-
tions (@)-(l). The linear stability of any such system at a given fixed point may
be analyzed by considering a first-order approximation of its evolution equations
at that point. The new value of a small disturbance added to the state vector
is thus expressed as the product of a matrix H, which defines the first-order
approximation of the system, by the former value of that disturbance (see e.g.
details in [9]). The (asymptotic) stability of the system at the considered point is
guaranteed by constraining the moduli of both eigenvalues of the corresponding
matrix H to be lower than 1. Our calculations show that this condition may be
expressed as

T>-D-1

T<D+1 (25)

D <1

where D and T are resp. the determinant and trace of H. The stability region
thus obtained in the (D, T) plane is bounded by a triangle which includes the
origin (see the figure in [9], which also indirectly confirms (25])).

By computing the matrix H of the system defined by [@)-(E) and applying
condition (28] to each of the above two fixed points (here derived with respect to
the observations x1(n) and zs(n), i.e. without using [2)-(B))), long calculations
yield the following results. The fixed point corresponding to €,, = —1 never
meets the stability condition (25]). For the fixed point corresponding to €,, = 1,
this condition reads

|\ lho|/8y, — 2A1), — 2Blhy +4 > 0 (26)
151155 |\/6y, — Al — Blgy < 0 (27)
with
bur = [Q21(n) = Qua(n) + 9] — dafr (n) + 22 (n) Lz (28)
A= (j[; |~ Qaw1(n) + Quaa(n) +7 = sgn(lhla) Vo, | +1 (29)
B= ?j {—szl(n) + Quaz(n) — v + sgn<l/11ll22)\/6y1:| +1. (30)

5 Limitations of Our Previous Network

The stability condition (20)-(27) especially applies to the more specific network
that we proposed in [6]-[8], which corresponds to (@) as explained above, and
therefore to 11, = 1 and l5, = 1. Inserting these values in (26)-(27) shows that our
previous network yields a stable fixed point only for some values of the mixing
coeflicients and observed signals, and therefore of the source signals. To clearly
illustrate this phenomenon with an example, one may consider the simple case

Lia=0, Ly=0 Q1=0Q2=Q>0. (31)
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It may be shown that our previous network then only yields stability for a
limited domain of source values, which consists of a strip in the (s1(n), s2(n))
plane, defined by

(32)

1 3
—s1(n) — 0 < s2(n) < —s1(n) + o

6 A Method for Stabilizing Our New Network

6.1 Analysis of Stability Condition

Condition (20)-(27) is of high theoretical interest, because it completely defines
the stability of the considered fixed point. However, it does not show easily if and
how [}, and l%, may be selected in order to ensure stability at the considered fixed
point for any given observed signal values. To address that topic, we consider
I, as the primary variable and %, as the secondary variable, and we express
it as Iy, = Alj;, where A is a parameter. For any fixed X\, we first investigate
whether there exist values of [{; such that [26)-(27) is met, in order to eventually
determine if there exist values of I{; and A\ (and therefore I},) such that (26])-
27 is met. In other words, we first determine the intersection of the part of the
(111, 155) plane where (28])-(27) is met and of a given line in that plane, defined by
o = Alf; (with X\ # 0). Using the latter expression of l},, Eq. (26)-(27) become

INV/ 6y, (13 A+BM +4>0 (33)
IMV%l — (A+ BNy, (34)
For a given \, (28)-(B0) show that A and B do not depend on [{; and l5,. [33)-

[B4) then yield two inequalities with respect to I{;, which are solved as follows.
For ([B4)), any (non-zero) X is suitable and the solutions of (34)) for a given \ are

;A B
11 —

where e, = 1. It may then be shown that, taking ([B3)) into account in addition
still yields @B8]), but now with fi,,4. defined as follows. Denoting

with 0 <t < fmaz (35)

2
) = (A4 BX) (36)
we have
1 if C(\) <4
Hmaz =91 _ \/1 - C?/\) otherwise . (37)

The above analysis shows that any value of \ yields a non-empty interval of
solutions for I};. For a given )\, a simple and safe approach therefore consists in
selecting for I]; the value situated in the middle of the allowed range (3, i.e.

/ _Hmaz A+B/\

= 38
11 2 ‘)\|\/6y1 ( )
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with fiq. defined by B7). We should eventually propose a method for selecting
A. As stated above, any (non-zero) value of X is acceptable. A simple solution is
A = +1, which gives the same ”"weight” to I}, and l5, = Al{;. Moreover, the sign
of XA may be chosen as follows. As explained above, the considered fixed point
correspond to €,, = 1. Since l5, = Al}; in addition, (20)) here reduces to

er1 = sgn(A) sgn(—asi(n) + Bsa2(n) + 7). (39)

Therefore, if A has the same sign as (—asq(n) + Bsa2(n) + ), then €71 = 1, so
that the considered stable fixed point yields the non-permuted sources defined in
[@3). Otherwise, the permuted sources of ([24]) are obtained. We thus guarantee
that both solutions are obtained by successively applying our approach with two
opposite values of A\. Moreover, if the source and mixture coefficients are such
that the sign of (—asq(n)+ Bs2(n)+ ) is known, then selecting A also with that
sign guarantees (local) convergence to the non-permuting point. Otherwise, this
version of our approach yields a permutation issue, to be further investigated.

6.2 Summary of Proposed Method

Based on the above analysis, the following procedure is guaranteed to yield local
convergence towards a separating point:

1. Select A as explained above.

2. Set 1}, according to (B8], taking into account sgn(lj;ls) = sgn(N).

3. Set b, = Alf,.

4. Set all other network parameters according to (I0)-(I2)) and (I4)-(T3).

7 Numerical Results

To illustrate the performance of our approach, we consider observations defined
by [@)-@) at a single time n (the same test could then be repeated for different
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Fig. 1. Divergence of previous network (left), convergence of new network (right)
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times). We use s1(n) = —1, s2(n) = —2 and mixing coefficients defined by
@I, with @ = 0.5. We first implement our previous network [6]-[8] by running
10 steps of the recurrence ([@)-(@l) with (@), (I0)-(T2) and ([I4), starting from
y1(1) = 0, y2(1) = 0. The resulting trajectory of (y1(m),y2(m)) is provided in
Fig. [l This shows that the network diverges very rapidly. This is in agreement
with the fact that condition (B2]) is not met here. We then implement our new
network by running the recurrence [@)-(&) as above but with parameters selected
as explained in Section (with A\ = 1). The network then converges to the
solution (23), as shown in Fig. [ (we here have I, = I}, = 0.4). Moreover, it
converges very rapidly. This shows the effectiveness of the proposed approach.

8 Conclusion

In this paper, we introduced a new BSS neural network structure which solves
the stability issue of our previous network. We plan to investigate whether other
aspects of its operation may be further improved by taking advantage of its free
parameters, especially A. We will also develop algorithms to adapt the network
weights so that they converge towards separating points.

Acknowledgment. Y. Deville would like to thank Y. Naudet for drawing his
attention to linear-quadratic mixtures, which first resulted in the approach pre-
sented in [6], which was then developed in [7]-[8].
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Abstract. In the paper we present new Alternating Least Squares
(ALS) algorithms for Nonnegative Matrix Factorization (NMF) and their
extensions to 3D Nonnegative Tensor Factorization (NTF) that are ro-
bust in the presence of noise and have many potential applications,
including multi-way Blind Source Separation (BSS), multi-sensory or
multi-dimensional data analysis, and nonnegative neural sparse coding.
We propose to use local cost functions whose simultaneous or sequential
(one by one) minimization leads to a very simple ALS algorithm which
works under some sparsity constraints both for an under-determined
(a system which has less sensors than sources) and over-determined
model. The extensive experimental results confirm the validity and high
performance of the developed algorithms, especially with usage of the
multi-layer hierarchical NMF. Extension of the proposed algorithm to
multidimensional Sparse Component Analysis and Smooth Component
Analysis is also proposed.

1 Introduction - Problem Formulation

Nonnegative Matrix Factorization (NMF) and its multi-way extensions: Non-
negative Tensor Factorization (NTF) and Parallel Factor analysis (PARAFAC)
models with sparsity and/or non-negativity constraints have been recently pro-
posed as promising and quite efficient tools for processing sparse signals, images,
or general data [T2IBIABIGI7IR]. From a viewpoint of data analysis, NMF/NTF
provides nonnegative and usually sparse common factors or hidden (latent) com-
ponents with physiological meaning and interpretation [6/9]. NMF, NTF, and
Sparse Component Analysis (SCA) are used in a variety of applications, ranging
from neuroscience and psychometrics to chemometrics [10.

In this paper, we propose new Hierarchical Alternating Least Squares (HALS)
algorithms for NMF/NTF. By incorporating the regularization and penalty
terms into the local squared Euclidean norms, we are able to achieve sparse
and local representations of the desired solution, and to alleviate the problem of
getting stuck in local minima.

M.E. Davies et al. (Eds.): ICA 2007, LNCS 4666, pp. 169-[T76} 2007.
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We impose nonnegativity and sparsity constraints to the following NTF (i.e.,
standard PARAFAC with nonnegativity constraints) model [3]:

X,=AD,S +E,, (¢=1,2,...,Q) (1)

where X, € Rﬁ_XT are frontal slices (matrices) of the observed 3D tensor data
or signals X € RI*T*Q D, € R]*/ are diagonal scaling matrices, A =
[a,as,...,a;] € Rfrx‘] is a mixing or basis matrix, S e RiXT represents un-
known sources or hidden (nonnegative and sparse) components, and E, € RI*T
represents the g-th frontal slice of the tensor E € RI*T*@ representing a noise
or error. In the special case for Q = 1, the model simplifies to the standard
NMF model. The objective is to estimate the set of all nonnegative matrices:
A, {D,}, S The problem can be converted to a tri-NMF model by applying
averaging of frontal slices: In this section, we develop the alternative algorithm
which converts the problem to a simple tri-NMF model (under condition that
all frontal slices X, have the same dimension):

X = ADS + E=AS +E, (2)

where X = Y% | X, D = 3% | D, = diag{dg1,dg. ..., dgs}, E = 32 | E,,
and § = DS is a scaled matrix of sources. The above system of linear al-
gebraic equations can be represented in an equivalent scalar form as follows
Tit = Zj a;js;t + eir, or equivalently in the vector form: X = Zj a; s; + E
where s; are rows of S, and a; are columns of A (j = 1,2,...,J). Such a simple
model provides improved performance if the noise (in the frontal slices) is not
correlated.

The majority of NMF/NTF algorithms for BSS applications works only if the
following assumption 1" >> I > J is held, where J is known or can be estimated
using SVD. In the paper, we propose the NMF algorithm that can work also for
an under-determined case, i.e. T'>> J > I, if signal representations are enough
sparse. Our objective is to estimate the mixing (basis) matrix A and the sources
S, subject to nonnegativity and sparsity constraints.

2 Locally Regularized ALS Algorithm

The most of known and used adaptive algorithms for NMF are based on alternat-
ing minimization of the squared Euclidean distance expressed by the Frobenius
norm:

1
Drp(X[|AS) = | X = AS|[% + aal|All1 + as|| S]], 3)

subject to nonnegativity constraints of all the elements in A and S, where
I[Al[1 =32, air, [|S[l1 = X2 8jt, and s and ag are nonnegative regularization
coefficients controlling sparsity of the matrices [J].

! Usually, the common factors, i.e., matrices A and S are normalized to unit length
column vectors and rows, respectively, and are forced to be as sparse as possible.
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The basic approach to NMF is alternating minimization or alternating projec-
tion: the specified cost function is alternately minimized with respect to two sets
of the parameters {s;;} and {a;;}, each time optimizing one set of arguments
while keeping the other one fixed [91].

In this paper we consider minimization of the set of local squared Euclidean
cost functions:

I(XY —as))li + 0 Jalag) +af’ Js(s). (@)

DY (XPlas)) =,

for j =1,2,...,J, subject to nonnegativity constraints for all elements: a;; > 0
and sj; > 0, where

XV =X - aps, (5)
P#j

a; € R™! are columns of the basis mixing matrix A, s; € R are rows

of S, ai{) > 0 and a(sj) > 0 are local parameters controlling a sparsity level
of the individual vectors, and the penalty terms J4(a;) = »_; a;; and Js(s;) =
> ; s;¢+ enforce sparsification of the columns in A and the rows in S, respectively.
The construction of such a set of local cost functions follows from the simple
observation that the observed data can be decomposed approximately as follows
X = 21{21 aps, + E or more generally X = Z;:l Ap@ps, + E with A; > Ay >
.2 A >0.

The gradients of the cost function (@]) with respect to the unknown vectors
a; and s; are expressed by

oD (XV[a;s,)

9. =ajajs; — a]TX(j) + ag)7 (6)
J
oD (XD jajs)) T x (T 4 o)
da; = a;s;8; — Xs; ooy’ (7)

where the scalars ag) and ai{) are added/substracted component-wise. By
equating the gradient components to zero and assuming that we enforce the
nonnegativity constraints with a simple ”half-rectifying” nonlinear projection,
we obtain a new set of sequential learning rules:

1 , , 1 , ,
55 | g, @ XY o ))1 v [ XD —af)| L @®
Jj + 777 +
for j = 1,2,...,J, where [{]; = max{e, £}, and € is a small constant to avoid

numerical instabilities (usually € = 10716).

Remark 1. In practice, it is necessary to normalize in each iteration step the

column vectors a; and the row vectors s; to unit length vectors (in the sense

of norm I, norm (p = 1,2,...,00)). In the special case of I3 norms the above
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algorithms can be further simplified by neglecting the denominator in (). After

estimating the normalized matrices A and S, we estimate the diagonal matrices
as follows:

Dq:[dlag{A+qu+}] ’ (q:17277Q) (9)
+

Remark 2. In this paper we have applied a simple nonlinear half-wave rectify-
ing projection [s;;]+ = max{e, s;;}, Vt (element-wise) in order to impose non-
negativity constraints. However, other nonlinear projections or filtering can be
applied to extract sources (not necessary nonnegative) with specific properties.
First of all, the proposed method can be easily extended for semi-NMF and
semi-NTF, where nonnegativity constraints are imposed only for some prese-
lected sources, i.e, rows of the matrix S and/or some selected columns of the
matrix A if some a priori information is available. Furthermore, instead of us-
ing the simple nonlinear half-rectifying projection, we can apply more complex
nonlinear projections and filtering to estimate bipolar sources which have some
specific properties, for example, sources can be bounded, sparse or smooth. In
order to estimate the sparse bipolar sources, we can apply well-known adaptive
(soft or hard) shrinking nonlinear transformations (e.g, the nonlinear projection
can be defined as: Py, (sji) = s;; for |s;i| > 6 and Ps,.(s;1) = 0 otherwise, with
the adaptive threshold § > 0). Alternatively, we may apply a power nonlin-
ear element-wise transformation: Py, (s;:) = sign(sj¢)|s;e|' ™7, Vt, where v, is
a small coefficient which controls a sparsity/density level of individual sources
[11]. In order to achieve smoothness of the estimated sources, we may apply a
local averaging operator (such as MA or ARMA models) or low pass filtering
which gradually enforces some level of smoothness during an iterative process.

3 Possible Extensions and Improvements

To deal with the factorization problem (1) efficiently, we adopt several ap-
proaches from constrained optimization and multi-criteria optimization, where
we minimize simultaneously several cost functions using alternating switching
between the sets of parameters: {A}, {S}.

The above simple algorithm can be further extended or improved (in respect
of convergence rate and performance). First of all, different cost functions can be
used for estimation of the rows in the matrix S and the columns in the matrix A.
Furthermore, the columns of A can be estimated simultaneously, instead one by
one. For example, by minimizing the set of cost functions in () with respect to
s;, and simultaneously the cost function @) with normalization of the columns
a; to unit lx-norm, we obtain the new ALS learning algorithm in which the rows
of S are updated locally (row by row) and the matrix A is updated globally (all
columns a; simultaneously):

s; — a}’X@—ag)] L G=1,...,0), A [(XST—aA)(SST)—l} (10)
+ +

with normalization (scaling) of the columns in A to the unit length.
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Secondly, instead of the standard gradient descent approach we can apply
the Quasi-Newton method [I3|I4] for estimation of matrix A. Since the Hessian
V%(Dr) =I;®88" € RI7*1/ of Dyp(X||AS) has the diagonal block structure
with the same blocks, we can simplify the update of A with the Newton method
to the very simple form:

A~ [A-VA(Dp(X||AS)H '], , (11)

where VoDp(X||AS) = (AS — X)ST ¢ R’/ and Ha = SS* € R7*/. The
matrix H 4 may be ill-conditioned, especially if S is sparse, and due to this the
Levenberg-Marquardt approach is used to control ill-conditioning of the Hessian.
Thus we have developed the following NMF/NTF algorithm:

s — [aJTX@ - agq LA [A —(AS - X)ST(SST + AIJ)—l} L (12)
+ +

for j=1,...,J, where A < Agexp{—7k}, k is an index of a current alternating
step, and I; € R7*7 is an identity matrix.

Since the alternating minimization technique in NMF is not convex, the selec-
tion of initial conditions is very important. Our algorithms are initialized with
random uniform matrices. Thus, to minimize the risk of getting trapped in local
minima of the cost functions, we use some steering technique that comes from
a simulated annealing approach. The solution is triggered with the exponential
rule. For our problems, we set heuristically Ao = 100 and 7 = 0.02.

3.1 Multi-layer NMF /NTF

In order to improve the performance of the NTF algorithms proposed in this
paper, especially for ill-conditioned and badly scaled data and also to reduce
risk of getting stuck in local minima in non-convex alternating minimization
computations, we have developed a simple hierarchical multi-stage procedure
[15] combined together with multi-start initializations, in which we perform a
sequential decomposition of nonnegative matrices as follows. In the first step,
we perform the basic decomposition (factorization) X, ~ AN DM M ysing
any available NTF algorithm. In the second stage, the results obtamed from

the first stage are used to build up a new tensor S; from the estimated frontal

slices defined as X( ) Sl(ll) = D((ZI)S(I), (¢ =1,2,...,Q) and in the next

step we perform the similar decomposition for the new available frontal slices:
—~(1
( ) S(l) AP D 512).5’(2), using the same or different update rules. We con-

tlnue our decompomtion taking into account only the last achieved components.
The process can be repeated arbitrarily many times until some stopping crite-
ria are satisfied. In each step, we usually obtain gradual improvements of the
performance. Thus, our NTF model has the form:

X, ~ AVAD . ABDPSH,(g=12,...,Q), (13)

with final results A = AV A® ... AD) g — ) ang D, = DE]L).
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Fig.1. (left) Original 10 sparse source signals ; (middle) observed 6 mixed sig-
nals with randomly generated mixing matrix A € R*10 (under-determined
case); (right) estimated 10 source signals using our new algorithm (I2)); For 10
layers we achieved the following performance: SIRs for A and S are as fol-
lows: SIR4 = 38.1,37.0,35.9,32.4,28.2,33.1,34.5,41.2,25.1,25.1[dB] and SIRs =
23.1,32.7,35.2,26.2,29.8,22.5,41.8, 29.3, 30.2, 32.5[dB], respectively

Physically, this means that we build up a system that has many layers or
cascade connections of L mixing subsystems. The key point in our approach is
that the learning (update) process to find parameters of matrices S® and AW is
performed sequentially, i.e. layer by layer. In fact, we found that the hierarchical
multi-layer approach is necessary to apply in order to ach